Arch. Rational Mech. Anal. 210 (2013) 219-267
Digital Object Identifier (DOT) 10.1007/s00205-013-0646-4

Parabolic Systems with p, q-Growth:
A Variational Approach

VERENA BOGELEIN, FRANK DUZAAR & PAOLO MARCELLINI

Communicated by D. KINDERLEHRER

Abstract

We consider the evolution problem associated with a convex integrand f: RV
— [0, co) satisfying a non-standard p, g-growth assumption. To establish the ex-
istence of solutions we introduce the concept of variational solutions. In contrast
to weak solutions, that is, mappings u: Q7 — R" which solve

oru —divDf(Du) =0

weakly in Qr, variational solutions exist under a much weaker assumption on
the gap ¢ — p. Here, we prove the existence of variational solutions provided the
integrand f is strictly convex and

%<p§q<p+l.

These variational solutions turn out to be unique under certain mild additional as-
sumptions on the data. Moreover, if the gap satisfies the natural stronger assumption

2<p<gq<p+min{l, i},

‘n
we show that variational solutions are actually weak solutions. This means that

solutions u admit the necessary higher integrability of the spatial derivative Du to
satisfy the parabolic system in the weak sense, that is, we prove that

we Ll (0,T; Whi(Q,RY)).

loc

1. Introduction

In this paper we are interested in the existence and regularity of solutions of
parabolic systems with p, g-growth of the type

ou —divDf(Du) =0 in Qr. (1.1)
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In the following, Q2 denotes a bounded domain in R” with n = 2. For T > 0 we
denote by Qr := Q x (0, T) the space-time cylinder over 2. Points in Rt are
termed z = (x, t). Differentiation with respect to the spatial variable x or x; will be
denoted by Du, respectively 9y, u or uy,, while d;u or u, stands for the differentiation
with respect to time. By assuming a variational structure for the diffusion term, that
is, by writing div D f (Du) for some given integrand f: RV — [0, co) instead of
div a(Du) with a general vector-field a: RN" — RN we emphasize that we are
interested in variational solutions. Throughout the paper the convex integrand f
is assumed to be differentiable and to satisfy a non-standard growth and ellipticity
condition; see (2.3) respectively (2.9) below.

Model equations and systems that we consider in this context are, for instance,
for some exponents p, g with % < p < g, parabolic equations of the type

du — div (|Dul?~2 Du) — 3y, (lux, 19 uy,) =0 inQr.

Here, the integrand is given by the convex function f (§) = % 1P + % |&n]9.
Otherwise we could consider convex functions f such as

f &) =157 log (1 + [£]),
2n

for some p > ;=5 In this case the convex function f satisfies, for every ¢ > 0, the
growth condition |£|? < (&) < L, (1+1£])?*¢. We could also consider functions
f (&) which do not behave like a power when |£| — 4-00. For instance, for |£|

large, the integrand could be of the type

f (E) — |§|u+bsin(loglog\$\) )

A computation shows that such an intergrand f (£) is a convex function for || 2 e
(and therefore it can be extended to all & € R" as a convex function on R") if a, b
are positive real numbers such that @ > 1 4+ b+/2. In this case our integrand f
satisfies the bounds

1P = f&) =LA+ ED7,

with p = a — b and ¢ = a + b. Of course the associated parabolic differential
equation, again, has the form in (1.1) with f from above.

The stationary problem corresponding to (1.1) has been studied extensively in
the past. Two papers [22,23] of the third author have been the starting point. In
these papers one possible approach was demonstrated to attack problems with a
non-standard p, g-growth condition. The idea behind this approach is to assume
initially that minimizers, respectively weak solutions to the Euler—Lagrange equa-
tion (or more generally of weak solutions to an elliptic equation of the form
diva(x, Du) = 0 in ) admit a gradient in the smaller energy space determined
by the growth condition from above, that is, that Du € L?OC. We call such solutions
weak (energy) solutions. The assumption Du € Lfoc allows the application of a
Moser iteration scheme in order to obtain local bounds for || Dul|;~ in terms of
the L9-norm of Du. This is possible, provided the gap ¢ — p is not too large.
In a second step (via an interpolation argument) the Lipschitz-bound is improved
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in such a way that the L9-norm on the right-hand side is replaced by the L?-
norm of Du. In this step the assumption concerning the gap g — p has to be
sharpened. These a priori estimates are then used to construct weak solutions to
problems with non-standard p, g-growth conditions. This is achieved by consid-
ering regularized problems, that is, by adding the vector-field ¢|& |4 2t t0a(x, &)
respectively Df (§). The associated Dirichlet-problem admits a solution u, € L9,
and therefore fulfills the a proiri estimate. It is feasible that the solutions u, of the
regularized problems sub-converge to a WIL’COO- solution of the original p, g-growth
problem. For more details we refer to [10,11,22-26]. For parabolic equations of
the form o,u — diva(x, Du) = 0 in a space time cylinder 27 this approach ex-
hibits a natural analogue; via so called weak energy solutions, that is, functions
we L —Wh9n cO—L2 it is possible to have all terms defined in the weak
formulation. Then, the Moser iteration scheme yields a sup-estimate for the spatial
gradient in terms of the local L7-norm on parabolic cylinders, and further—again
by an interpolation argument—by the local L”-norms. For this, of course, one
has to assume a certain smallness assumption for the gap g — p. Having the a
priori estimates for weak energy solutions available, again a regularization pro-
cedure by considering solutions u, of the regularized parabolic equation d,v —
div(¢| Dv|?~2Dv + a(x, Du)) = 0 leads to a solution u of the original parabolic
P, q-growth problem, which satisfies a sup-estimate for the spatial gradient exactly
as the approximating functions. This approach was successfully carried out in [5];
see also [18] for gradient estimates for bounded solutions to certain anisotropic
parabolic equations.

In the elliptic framework, a second approach was introduced in [15]. This ap-
proach has its origin in general existence results for variational functionals of the
form

F(u) :=/ f(Du) dx
Q

for a convex integrand f: RM" — [0, 0o) satisfying a non-standard p, g-growth
condition as in (2.9), for example. Existence of minimizers can be shown by the
Direct Method of the Calculus of Variations, assuming very mild assumptions on
the integrand. The minimizing property has to be understood in the sense that
u € WH! minimizes the variational integral F if and only if F(u) < oo and
F(u) £ F(v) forany v € Wh! withu —v e Wol’l. Of course minimizers admit
a gradient in L? by the coercivity of the integrand. The main concern is then to
establish that minimizers, in fact, admit a gradient in Lfoc. This is achieved by
testing the Euler—Lagrange system with finite differences of u, which leads to a
certain kind of fractional differentiability of Du. (Note that at this stage it is not at
all clear that minimizers fulfill the Euler—Lagrange system and therefore one has
to perform an approximation procedure.) Then, by fractional Sobolev embeddings,
this yields higher integrability of Du, and this in turn can be used to improve the
fractional differentiability of Du. By a finite iteration this leads to the desired higher
integrability of Du. As mentioned before, this procedure has to be combined with an
approximation scheme by considering €|&|7 + f (&) instead of f(&). Minimizers
of the regularized functionals are of class W!¢ and satisfy the Euler-Lagrange
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system. Therefore, the above scheme is applicable to these minimizers, and when
& | 0 they sub-converge to a minimizer of the functional F. If the integrand is
strictly convex, uniqueness is known and yields that the original minimizer also
satisfies the local L7-estimate for the gradient. The higher integrability, however,
can only be derived if the gap ¢ — p is small enough. For more details with respect
to this approach we refer to [8,15,19,29,30]. Moreover, for existence of solutions
of a variational inequality with p(x, t)-growth, we refer to [27] and for the self-
improving property of the integrability (that is, the higher integrability) of the
spatial gradient of solutions of parabolic systems with p(x, t)-growth, to [1,4,
33].

The aim of the present paper is also to develop a variational approach in the
parabolic setting in the spirit of a paper by Lichnevsky and Temam [17], in which
the concept of variational solutions to the evolutionary minimal surface equa-
tion has been developed. The advantage of variational solutions stems from the
fact that existence can be established under very mild assumptions on the con-
vex integrand. However, in the evolutionary case the proof of existence of vari-
ational solutions is not immediate, since we cannot apply the Direct Method of
the Calculus of Variations; in particular, we cannot use a minimizing sequence.
After having established the existence of variational solutions, the second step
is to show that these variational solutions are, in fact, weak energy solutions of
the associated parabolic system if the gap ¢ — p is sufficiently small. Thus, the
main effort is to prove the higher integrability property Du € Li’oc of the spatial
gradient.

2. Results

As we explained in the introduction, in the case of stationary variational inte-
grals with a non-standard p, g-growth condition, minimizers are already defined
in the Sobolev space W7, Therefore, the variational approach yields minimiz-
ers which may not satisfy the Euler—Lagrange system. Under suitable smallness
assumptions on the gap ¢ — p, however, it is possible to show that minimizers
belong to Wllo’cq, which guarantees that minimizers also solve the Euler-Lagrange
system. The parabolic analogue of this elliptic variational approach is, to our knowl-
edge, not yet established. However, it would be a natural approach, since such an
approach would lead to parabolic minimizers or variational solutions in the space
LP—WU'-P_ Such variational solutions might not solve the parabolic system asso-
ciated with the variational integral, since a priori the Lfoc-regularity for the spatial
gradient Du, needed for the derivation of the parabolic Euler—Lagrange system,
might fail to hold. For these reasons it would be convenient and natural to ask, in the
parabolic setting, for such a weaker notion of solutions, not requiring Du € L?OC.
To build up a setting in which the existence of variational solutions can be estab-
lished will be the main subject of the first part of the paper. The second part is then
devoted to showing—imposing a stronger hypothesis for the gap g — p—that vari-
ational solutions are, in fact, higher integrable and thus solve the Euler—Lagrange
system.
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2.1. Existence and Uniqueness of Variational Solutions

Here our aim is to establish an existence and uniqueness result for parabolic

Cauchy-Dirichlet problems admitting a variational structure of the type

ou — div Df(Du) =0 in Qr, 1)

u=g on dp 27, ’

where u: Q7 ¢ R*™! — RN withn > 2 and N > 1, can be a vector valued

fu_nction with values in Euclidean N-space RY and where dp Q7 := [0Q2x (0, T)]U

[Q x {0}] denotes the parabolic boundary of Q7. We assume that f: RV* — R,
is an integrand of class C! and that there exist two growth exponents p, ¢ with

nz%<p<q<p+1, (2.2)

such that f and Df fulfill the following growth and monotonicity conditions:

[og fFE =LA+, |
(DfE) = Df().& —m) 2 v (1 + 1§17 + ) = 1§ = nl,

whenever £, n € RV and for some 0 < v < 1 < L and i € [0, 1]. Note that
the lower bound on p, thatis, p > %, is a typical assumption in the regularity
theory for non-linear parabolic equations and systems, see [12, Chapter V, Sections
3 and 5]. At this point it is worth mentioning that assumption (2.3), implies the strict
convexity of the integrand f. In turn, the convexity of f and the growth assumption

(2.3)1 on f imply the following growth property of Df:
IDFEI S e(@L A+ 15D,

whenever & € RV”, cf. [22, Lemma 2.1]. For the boundary data g we suppose that
the following regularity assumptions hold true:

2.3)

g e LP'@=D(0, 7; whr'@=b (@, RY)) nCO([0, T1; L2(2, RM)) with 2.4)
g € LP(0,T; WP (@, RY)), '
where, as usual, p’ = % denotes the Holder conjugate of p. We note that

p'(g — 1) > g. In the following—despite a slight abuse of notation—by u €
LP(0,T; Wg'P (2, RN)) we mean that u — g € LP(0, T; W, " (2, RV)).

To give the precise definition of a variational solution we need to introduce a
weaker notion of continuity with respect to time than the usual one, which is used in
the definition of weak solutions for standard p-growth problems. These solutions
are continuous in time as mappings from [0, 7'] to LZ(Q, RN ). Here, we need the
following weaker type of continuity with respect to time.

Definition 2.1. Let X be a Banach space. A function u € L*(0, T'; X) belongs to
the function space Cy, ([0, T']; X) of weakly continuous functions from [0, 7] to X
ifu(-,t) € X forany r € [0, T] and

t — (Y, u(t))x is continuous for any ¥ € X'.

Here, (-, -)x denotes the duality pairing between X’ and X.
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In the following definition we introduce the concept of a variational solution
to the Cauchy-Dirichlet problem (2.1). Here we follow an idea by Lichnewsky
and Temam [17], which has been used for the evolution problem for parametric
minimal surfaces.

Definition 2.2. Suppose that f: RV” — R, is an integrand of class C! satisfying
the growth and monotonicity assumptions from (2.3). Furthermore, assume that the
Cauchy-Dirichlet datum g fulfills (2.4). We identify a map

ueLP(0,T; W, P (Q, RV)) N Cyw (10, T1; L2(2, RY))

as a variational solution of the Cauchy—Dirichlet problem (2.1) if and only if
u(-, 0) = g(-, 0) and, further, the variational inequality

/O <U[, vV — M)WLP(Q,RN) dt +/Q [f(DU) - f(DM)] dZ
2 310 =0 Dlag — 310 =02, 2.5)

holds true, whenever v € LP(0, T, W;’p(Q,RN)) with v, € L”,(O, T; w—Lp
(2,R¥))andt € (0, T]. O

It is worthwhile to note that a variational solution belonging to the parabolic
space Lfoc O, T; WIL’CQ (€2, RN )) is, in fact, a weak solution. Hence, the concept of
variational solutions coincides with the classical one of a weak solution once the
natural higher integrability is established; see Theorem 2.8. We should also mention
that the testing functions v € L”(0, T’; Wé}’p(Q, RMNY)) withv, € L”,(O, T; w-Lr
(22, RM)) in Definition 2.2 are of class C°([0, T']; L2(S2, RY)); this is a conse-
quence of the embedding from [31, Chapter III, Proposition 1.2]. In this framework
we can prove the existence of variational solutions. This is the content of

Theorem 2.3. Suppose that f: RN" — R, is an integrand of class C' satisfying
(2.2) and (2.3) and that the Cauchy-Dirichlet datum g fulfills (2.4). Then, there
exists a variational solution

we LP(0,T; W (@, RV)) N C, (10, T1; L2(R, RY))

of the parabolic system (2.1) with u(-, 0) = g(-, 0).

In contrast to the elliptic setting, uniqueness of evolutionary variational solu-
tions is not completely obvious. The reason for this is the presence of the time
derivative in the variational inequality (2.5) and the fact that the variational solu-
tion u does not necessarily admit a time derivative u, in the appropriate parabolic
space LY O, T; W_l'p/(Q, RM)). This prevents us from testing the variational
inequality with the variational solution « itself. Nevertheless, if we assume that the
Cauchy-Dirichlet datum admits a slightly stronger regularity condition (2.6) (note
that p/(p +1—¢q) > p'(g — 1) > q), we obtain the following uniqueness result
for variational solutions. The precise result is the following one.
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Theorem 2.4. Suppose that f: RN — R isof class C' satisfying (2.2) and (2.3)
and that g satisfies

g € L7751 (0, 75 W77 (@, RM)) 0 CO([0, T1: LX(@, BY)),

, . 2.6
g €LP(0,T; WP (Q,RV)). 20

Then, there exists a unique variational solution
we LP(0,T; W (@, RV)) N Cy (10, T1; L2(Q, RY))
of the parabolic system (2.1) with u(-, 0) = g(-, 0).

2.2. Existence of Weak Solutions

In this chapter we restrict our considerations to the case of integrands f obeying
a p-growth condition from below with p = 2. We believe that results similar to the
ones stated below also hold true for singular case nz_fz < p < 2. However, since
the proofs are quite technical we will focus our attention on the degenerate case

p = 2 only. We consider parabolic Cauchy-Dirichlet problems of the type

ou —divDf(Du) =0 in Qr,

u=yg on 379527", (2'7)

where f: RM — R, isa C%-integrand on RV". Further, we assume that for given
fixed growth exponents p, ¢ with

2< p<gq and q—p<min{l,j—:}, (2.8)
the integrand f fulfills the following p, g-growth and ellipticity conditions:

1P < £(&) = L1+ g,
ID2f(E) <L +]E)172, (2.9)
(D2f &), m) Z vIEP~2n?,

whenever £, 7 € RN, In this chapter we can use a stronger notion of solu-

tion; these solutions could be termed weak energy solutions, since they obey the
integrability property u € L?OC O, T; Wll)‘cq (2, RY)), which makes the integral
fQT (Df (Du), Dg) dz well defined in the weak formulation. This notion of solu-
tion has already been used by the authors [5] in the case of parabolic equations with

P, q-growth.
Definition 2.5. A map

weLP(0,T; Wy (Q, RV))N LY

loc

(0, T; Wi (2, RV))N €, (10, T1; L2, RY)),

with u(-,0) = g(-,0), is termed a weak solution of the parabolic system (2.7) if
and only if

/ u-@ — (Df(Du), Dp)ydz =0
Qr

holds true whenever ¢ € C°(Q27,RY). O
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For weak solutions, that is, solutions in the sense of Definition 2.5, we have the
following existence result.

Theorem 2.6. Suppose that the integrand f: RN" — R is of class C? satisfying
(2.8) and (2.9) and, further, that g is as in (2.4). Then, there exists a weak solution
weL?(0,T; WP (2, RV))nL!

loc

(0, T; Wb (@, RN))N €, (10, T1; L (2, RY)),

with u(-,0) = g(-,0) of the parabolic system (2.7). Further, for any cylinder
0r(zo) € Qr the quantitative estimate

/ |Dul? dz
ORr/2(20)

x
§c|: sup / |u(-,t)|2dx+/ (IDu|p+ lu|P + l) dzi|
te(ty—R2,t,) Y Br(xo) ORr(20)

(2.10)

holds true for a constant ¢ = c¢(n, v, L, p, q, R) and an exponent x = x(n,q —
p) > 1.

Remark 2.7. Here, we make some comments on the appearing exponents. Firstly,
the upper bound on ¢q in (2.8)—thatis,qg < p+ %—is exactly the one leading to the
L bound for the gradient Du in the case of one single equation, see [5, Theorem
1.2]. Moreover, the exponent p + % is exactly the gain of integrability one gets in
parabolic standard p-growth problems by the use of second spatial derivatives and
the Sobolev embedding, see [14, Lemma 5.4]. On the other hand, comparing the
elliptic bound in [23, Theorem 2.1], that is,
np 2p
< ——= _
1 n—2 P+ n—2
with the parabolic bound
2p 2

4
2<p< Tepr—P 2
SPEaSPR =Pt T

one must replace n by n + 2 (which is due to the different scaling in time) and must
take into account that the parabolic deficit % shows up. In this respect, the parabolic
restriction coincides with the elliptic one. O

2.3. Regularity of Variational Solutions

Itis not difficult to show that any weak solution is also a variational solution (see
Section 4.4). On the other hand, under the weak assumptions of Theorems 2.3 and
2.4 it cannot be expected, in general, that variational solutions obey the necessary
integrability properties to be weak solutions in the sense of Definition 2.5. Indeed,
this would require that the spatial gradient Du belongs to quc, which is, in general,
not true; already in the elliptic setting this might be false, see Section 6 in [23].
To obtain the necessary higher integrability for variational solutions, we need to
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assume stronger regularity for the integrand as in (2.9) and we need to reduce the
gap between p and ¢ as in (2.8). Under these further assumptions we obtain the
following regularity result for variational solutions.

Theorem 2.8. Suppose that f: RN" — [0, 00) is of class C? satisfying (2.8) and
(2.9) and that g satisfies (2.6). Then, any variational solution

we LP(0,T; Wg’ (@, RV)) n C, (10, T1; L2(Q, RY)),

with u(-,0) = g(-, 0) of the parabolic system (2.1), is also a weak solution in the
sense of Definition 2.5. In particular, we have

Du e L? (Qr,RN™)

loc

and the quantitative estimate (2.10) holds true.

3. Preliminaries and Notations
3.1. Notations

The spaces L” (22, RY), wh?(Q,RY) and WJ”’(Q,RN) denote the usual
Lebesgue and Sobolev spaces. For fixed g € L?(0,T; whr(Q, RM)) we de-
note by L7(0, T; W;’P(Q, RM)) the affine space g + L”(0, T; WOI’P(SZ, RM)).
Throughout the paper we use as parabolic cylinders the one-sided parabolic cylin-
ders of the form

00(20) i= By (x,) X (1o — 0%, 1,).

Here, B, (x,) denotes the open ball of radius ¢ > 0 with center x, € R". Points in
space-time R"*! are denoted by z = (x, t). The parabolic distance of two points
71 = (x1,11), 22 = (x2, 1) € R™ 1 is given by

dp(z1,22) = max{|x1 —x21, v/ |t1 — t2|}.

3.2. Preliminaries

In order to “reabsorb” certain terms, we will use the following iteration lemma,
which is a standard tool and can be found, for instance, in [16].

Lemma3.1.Let0 < ¥ <1, A, B = 0and a > 0. Then there exists a constant
¢ = c(o, 9) such that there holds: For any 0 < r < @ and any non-negative,
bounded function ¢: [r, o] — [0, 00) satisfying

P(s) S VPp(t) + At —s)“+B  forall 0<r<s<tZop,
we have
¢(r) S c[Ale—r)""+ B].

The next Lemma can be retrieved from [9, Lemma 2.2].



228 VERENA BOGELEIN, FRANK DUZAAR & PAOLO MARCELLINI

Lemma 3.2. Let p > 1 and k € N. Then there exists a constant ¢ = c(p) such that
forany u = 0and A, B € R¥ there holds

P p=2
2 2

(12 +1AP) 2 S e (1P +1BP)E +c (2 + 1A+ 1BP) T 1B - AP,

The following algebraic fact can be retrieved from [2] in the case o < 0. The
case 0 > 0 can be obtained in a similar way.

Lemma 3.3. Let k € N. For every 0 € (—1/2,00) there exists a constant ¢ =
c(o) 2 1 such that the following estimate holds true:

1
U+ AP H1BP) S [ 1A+ 5B = P s
0

[IA

¢ (u® + AP +1B1°)”
forany u > 0 and A, B € R, not both zero if 1 = 0 and o < 0.

As a consequence of Lemma 3.3 one can show

Lemma 3.4. Letk € Nand p > 1. Then there exists a constant ¢ = c¢(p) = 1 such
that for any A, B € R* there holds

p—2
2

(1A1P72A — |BIP 2B, A~ B) = c ' (JA* +|BI*) 7 |A— B>

4. Existence of Variational Solutions

The proof of the existence of variational solutions is divided into several steps.
We start with a standard regularization procedure.
4.1. Regularization
For ¢ € (0, 1] we define the regularized integrand f. by

fo(&) = f(&) +elg|?  for & e RN

From the properties (2.3) of the integrand f and Lemmas 3.3 and 3.4 we deduce
the following growth and ellipticity properties of f:
92
(Dfe(®) = Dfe(n). & — ) 2 o5 (117 +n?) 7 1€ = nl?

p—2
v+ EP+n?) 2 & —nl%
IDf. ()] < (L + c(g)) (IE] + D771,

“4.1)

whenever £, 7 € RM". This ensures that Df, fulfills a standard g-growth and
monotonicity condition and therefore allows us to construct weak energy solutions
to the associated Cauchy-Dirichlet problem with a datum g as in (2.4). In the
following, by

ue € L1(0, T; wh(Q,RY)) n ([0, TT; L*(2, RY))
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we denote the unique solution to the Cauchy—Dirichlet problem

[ dug —div (Dfs(Dug)) =0 inQr, 42)

Ug = g on dp 27 .

The existence of such weak solutions u, can be deduced from the classical theory,
see [20]. Note, also, that we have

due € L9(0,T; W' (2, RY)). 4.3)

4.2. Energy Bound

We test the weak formulation of the parabolic system (4.2); with the testing-
function ¢ (x, 1) = (us — g)(x,1)xp(t), where xg € WLoo(R) satisfies xo(t) =1
for —oo <t <t —0forsomet € (0,7)and 6 € (0,71), x0(t) =0fort > 71
and xg(t) = %(t —1) fort —6 <t < 7. We note that the following computations
are formal concerning the use of the time derivative d,u.. However, they can be
made rigorous by the use of a mollification procedure as, for instance, by Steklov
averages with respect to time. With this choice of ¢ the weak form of (4.2); yields,
for almost every t € (0, T), in the limit 6 | O that

%/ e — g 7) da +/ (Df.(Duz) — Dfo(Dg). Dus — Dg)dz
Q Qr

T
= _/ (Dfe(Dg), Du. — Dg) dz _/ (ue — g, gt)wl.p(Q,RN) dr
Q. 0
=1 — I, 4.4)
where we have abbreviated Q2; := @ x (0, 7). The first term I; is estimated with

the bound (4.1); and Young’s inequality as follows:

< +c<q>>/9 (1Dgl + 1" | Du, — Dg|dz

< / [%ID% — Dg|”dz + ¢ (IDg| + l)p/(‘f_l)] dz
Q;

<5 [ Durazte [ (gl + e,
Q. Q

o

for a constant ¢ = ¢(p, g, 1/8). For the second term, I, a slice-wise application
of Poincaré’s inequality to (4, — g)(-, t) for almost every ¢ € (0, 7) and Young’s
inequality imply that

1
P
L] = (/Q |Due — Dg|? + |ue — g|pdz) ||gt||Lp/(0,f;w—1,p/(Q,RN))

P
§ C(/ |[Dug — Dg|de) “gt”Lp/(()’r;wfl,p/(Q’RN))

g 8/ (|Du8|P + |Dg|P) dz+c¢ ”gt”il’/(o WL (Q.RVY)
Q. o ’
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holds true, where ¢ = c(p, 1/8, diam(£2)). Finally, by (4.1); and Lemma 3.2, we
obtain for the second term on the left-hand side of (4.4) the following bound from
below:

/ (Dfs(Dug) — Dfs(Dg), Dug — Dg)dz
Qo

p—2
2

zv/ (u* + |Due|* + |Dg|?) * | Du; — Dg|*dz
Q

P
m/ﬂ |Due|f’dz—v/ (1* +1Dg|)* dz.

T Q‘[

1\

Inserting the preceding estimates into (4.4) and choosing § small enough to reabsorb
sz |Dug|P dz into the left-hand side, we find that

/ lug (-, t)|2dx +/ |Duc|?dz £ ¢(v, L, p, q,diam(2)) M
Q

T

holds true for almost every t € (0, T'). Here, we have abbreviated

._ '(g—1 2 I
M:= A (IDg|”"@ >+1)dz+||g||Lm(O,T;L2(Q’RN))+||gtIILP/(O,T;W_ly,,,(QYR‘N)).
T

Taking the supremum over T € (0, 7) in the first term on the left-hand side and
letting T 1 T in the second one, we end up with the following energy estimate:

sup / lug(-, )% dx +/ |Dug|?dz < c(v, L, p, g, diam(Q)) M. (4.5)
te(0,T)J Q Qr

Moreover, applying Poincaré’s inequality slice-wise to (v, — g)(-, ) for almost
every t € (0, T), we also obtain a bound for the L”-norm of u,, that is, we have
the inequality:

/ | |P dz gzp—l/ (lug — gl + |gI7) dz
Qr Qr

< c/ (IDus — Dgl” + 1g17) dz
Qr

<cW,L, p,q,diam(Q)) |:M —i—/ lg|? dz]. (4.6)
Q

T

4.3. Weak Continuity in Time

We fix 0 < 11 < 1 < T and choose a testing function ¢ € C§°(2 x (1, 12)) in
the weak form of (4.2);. Subsequently, using the bound (4.1),, Holder’s inequality
(note that ¢ < p + 1) and the energy bound (4.5), we obtain
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‘/ Us0rp dz
Qx(n,n)

/ (Dfe(Due), Do) dz
Qx(11,12)

S (L+c(q) (1 + |Dug)?""|Dy| dz
Qx(t1,12)

q=1
P
< (L+c(g) |sptol” = (/ (14 |Duc|)? dZ) D@l Lo (@x(11.12))

Scf SPWI ”D‘P”LOC(Qx(z] 7)) 4.7

where ¢ = c(n, v, L, p, g, diam(2), M). Now, fort; < s1 < s» <t and§ > 0
small enough we define

0, fort1§t§s1—5,
1t —s14+8), forsj —8§<t=Zsy,
for 54 §t§52,

—3(t—s3—8), fors; <t < s+,
0, forso +8 <t < 1.

xs(t) =

We choose in (4.7) a testing function of the form ¢(x, f) := xs(£)¥ (x) with ¢ €
Cie(, R™). Note that this choice is possible by an approximation argument. We

find
1 s1 s2+8
/ —(/ ue(x,t)dt—/ ug(x,t)dt)l/f(x)dx
Q ) s1—48 52

ptl—gq
Sc(r—s1+ 25) z ||DW||L°°(Q)

In the preceding inequality we pass to the limit § | O and obtain for almost every
1 <1 < $2 <t that

‘/ (e (e, 51) = ue(x,52)) ¥ (x) dx| < ¢ (s2 = 1) = DY | Lo ()

holds true, whenever ¢ € C(‘)’O(Q, RN ). Now, with £ € N such that £ > % the
Sobolev inequality yields

IDY Nl = c(n, £, Q) [V llwez (g,

and hence

‘ /Q (e (x, 51) — ue(x, $2)) ¥ (x) dx| < ¢ (52— s 7 ¥ llwez ()

whenever ¢ € C(‘)’O(Q, RN). The constant ¢ dependsonn, v, L, p,q, ¢, Q2 and M.
By the density of Cgo (2, RV in W(f ’Z(Q, RY) the last inequality also continues to
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hold for any ¥ € Wé’ 2(Q, RM). Taking the supremum over all ¥ € W(f’ 2(Q,RN)
satisfying ||/l ye2(q) = 1 we deduce that

pt+l—q
llue (-, 81) — ue (-, 2) w2 = clsi —s2| 7 (4.8)

holds true for almost every s1, s> € (1, t2). This is the desired weak continuity
property with respect to time for u,; to be more precise, the mapping t — u(-, t) €
W—42(Q, RV) is Holder continuous with Holder exponent p-i-P# € (0, %).

4.4. The Variational Formulation

We fix t € (0, T]. Since u, satisfies (4.3), the parabolic system (4.2); can be
rewritten in the form

T
/O (3zua»§0>wl,q(Q,RN)dt+/ (Dfe(Dug), Dp)dz =0
Q

for any testing function ¢ € L9(0, t; WO1 “1(Q, RY)). The convexity of f implies
that (Df.(Du,), Do) < fe(Dg + Du.) — fe(Du,) holds true, and therefore the
preceding identity yields that

T
/ (Orute, @) wiaq Ny dr +/ fe(Dug + Do) — fe(Dug)dz = 0,
0 Q

whenever ¢ € L9(0, t; WO1 (2, RN)). We now perform the substitution v =
ue + . Of course v € ue + L4(0, 7; Wy (2, RN)) C L9(0, v; Whe(Q, RN))
andv = u, = gondRx (0, 7). Moreover, by (4.3) we have d,v € Lq/(O, T, Wl
(82, RV)), provided we also assume that 8,¢ € L4 (0, ; W=14'(Q, RV)). In terms
of the comparison map v the last inequality can therefore be rewritten in the form

T
/0 (9v, v —ste)yraq ry) df +/ fe(Dv) — fe(Due)dz
Qr
T
2 A (0r(v —ue), v — u8>W1,q(Q,RN) dr,

where v is of the form u, + ¢. But this means that the preceding inequality holds
true forany v € L4(0, 7; Wo Y (2, RV)) with ;v € L' (0, 7; W14 (2, RY)). As
a consequence of the Aubin-Lions embedding—see [31, Chapter III, Proposition
1.2]—we have that v € C 0([0, 7], LZ(Q, RN )). Therefore, the term on the right-
hand side of the last inequality can be simplified to

T
/ (0r (v —ug), v — us)wl,q(Q’RN) dr
0

=31 = u) D72 — 310 = O 072 -
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Furthermore, if the comparison function v satisfies 9;v € LY O, t; w-Lr (2, RM))
c L1, r: WL (Q, RY)), the first integral of the left-hand side can be written
in the following form:

T T
/ (3;11, vV — M8>W1"1(Q’RN) dr = / (BIU, vV — ué‘)Wl’p(Q,RN) dr.
0 0

Therefore, we obtain that

T
/ (0rv, v — ue)wip(q,ry) dr +/ fe(Dv) — fe(Dug)dz
0 Qr

2 310 —u)C D2 — 310 = 02, (4.9)

holds true for any comparison function v € L9(0, t; ng’q (€2, RM)) whose time
derivative satisfies d;v € LY O, t; W_l*”/(Q, RY)). Since the left-hand side of
(4.9)isalways infinite forany v € L? (0, t; W;’p(Q, RVY)\LY(0, t: W;’q (2, RVY)
(note that by definition of f, we have f.(Dv) = ¢|Dv|? and therefore er fe(Dv)
dx = oo for such v) while the right-hand side is finite, the inequality (4.9) triv-
ially holds true for v € LP(0, ; Wg'” (2, RY)) \ L(0, T; Wy 4 (2, RY)) with
oV € LY O, ; W_I*P/(Q, R¥)). This proves that u, is a variational solution in
the sense of Definition 2.2. Note that, at this stage, the mappings u, belong to
CO([0, T1; L2(2, RN)). This property will, however, be lost in the limit & | 0.

4.5. Passage to the Limit ¢ | 0

Here, we shall pass to the limit ¢ | O in the variational inequality (4.9).
From (4.5) and (4.6) we know that u, is uniformly bounded (with respect to €)
in L?(0, T; WhP (2, RY)). Therefore, there exists a (not re-labelled) subsequence
and a function u € L?(0, T; WP (2, RY)) such that

ug — u weakly in LP(O, T; Wl’p(Q, RN)).

In order to conclude the weak continuity in time of the limit map u we use a compact-
ness argument from [17], see Theorem A.2 below. From (4.5) we infer that u, is uni-
formly bounded (withrespectto ) in L*°(0, T'; L2(Q, RY)), while (4.8) yields that

ug are equicontinuous as functions in C 010, T1; W=2(2, RY)) (more precisely,
+1—g

we can choose as modulus the function w(¢) := ct = ). Hence, the hypotheses
of Theorem A.2 are fulfilled and therefore, passing again to a (non-relabeled) sub-
sequence, we see that the limit function u is contained in Cy, ([0, T]; LZ(Q, RMY)
and that

ug(-, 1) = u(-, 1) weakly in L>(2, RY) foranyr € [0, T']
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holds true as ¢ | 0. Note that u.(-,0) = g(-,0) for any ¢ € (0, 1] implies
that u(-,0) = g(-,0). By lower semicontinuity of w +> er f(Dw)dz with
respect to weak convergencein L” (0, t; wlr(Q, RM)) (respectively w +— %Hw—
u(-, ) ||i2 @ with respect to weak convergence in L?(€2, RY)) and the continu-
ity of the pairing w > (-, w)y1.,q ryy With respect to weak convergence in
whr(Q, RY), we can pass to the limit & | 0 in (4.9). This leads to

/0 <a,v,v—u>W1_p(Q,RN)dt+/Q f(Dv) — f(Du)dz
2 30— Dl — 310 =02,

for any t € (0, T]. But this means that u is the variational solution we are looking
for.

5. Uniqueness of Variational Solutions

In this chapter we shall prove the uniqueness result, Theorem 2.4. For this pur-
pose we need some prerequisites which we will present in the following subsection
and in Appendix B.

5.1. Mollification in Time

Due to their lack of regularity with respect to time, the variational solutions
are not admissible as comparison functions in (2.5), since the term involving the
time derivative d;v would not be well defined. To overcome this difficulty we
shall use a certain mollification in time which has been useful in several other
circumstances, as, for example, for the treatment of evolutionary obstacle problems;
see [6,20,28]. The precise construction of the regularization is as follows: For
ve L' (Qr,RV), v, e LY, RV) and h € (0, T], we define

t
[, 1) = e_%vo—f—%/ e T u(-, 5)ds, (5.1)
0

fort € [0, T]. One of the basic features of this mollification is that [v];, (formally)
solves the differential equation

vln = — (vl —v),

with initial condition [v]; (-, 0) = v,. This will allow us to pass to the limit in
certain approximations since, in these approximations, the quantity o;[v], ([v], —v)
naturally arises when comparing parabolic variational inequalities. This comes from
the the fact that we can only add, but not subtract, two variational inequalities.
The nice feature of the regularization is that now the quantity d;[v], ([v], — v) is
non-positive. This will be crucial in the proof of the uniqueness result. The basic
properties of the mollification [-];, are provided in Appendix B.
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5.2. Proof of the Uniqueness Result

Now, with the properties of the mollification in time at hand, we come to the
proof of the uniqueness result from Theorem 2.4.

Proof of Theorem 2.4. Suppose that u; and u; are two different variational solu-
tions to (2.1). Adding the variational inequalities (2.5) for u#; and u, and taking

into account the fact that || (v — u;)(:, T)||%2(Q) = 0 fori = 1,2 yields, for any

ve LPO,T; WoP(Q, RV)) withv, € L7 (0, T; W=/ (Q, RV)) (note that this
implies v € CO([0, T]; L*(2, RN))), that

o Lf(Duy) + f(Duz)]dz

T

<2 f(Dvydz+ 2/ (01 v = Wi, w A+ 10— )¢, 022 -
Qr 0

Here we have abbreviated w := —”';“2. At this point we would like to choose the

comparison map v = w in the previous inequality. However, this is not allowed,

since we do not know that w; belongs to L (0, T; W17 (€, RY)). For this reason

we introduce, with the mollification [-]; from (5.1), the time-regularized functions

v i=[w—glp+g, forhe(0,T].

Since (w — g)(-, 0) = 0, we choose v, = (w — g)(-, 0) = 0 in the definition. This
makes sense, since the mollification should admit the same initial conditions as the
function u — g itself. By Lemma B.2 we have v, € L?(0, T; W;’p(Q, R¥) N
CY(0, T1: L3(2, RY)) and v, (-, 0) = g(-, 0). Moreover, from Lemma B.3 we
know that 9;vj, € LY o, T; w-Lr (€2, RM)). Therefore, we are allowed to choose
v = vy, as the comparison function in the last inequality. This choice leads to

o Lf (Duy) + f(Duz)]ldz

T
<2 f(Dvp)dz + 2/ (d;vp, vy — lU)Wl,p(Q’RN) dr =:2(I, + 1I), (5.2)
Qr 0

with the obvious meaning of I, and IIj. In order to treat I, we first rewrite the
integrand in the form

f(Dvy) = f(Dlwly + D(g — [gln)) =: f(Dlwls + An).

with the obvious abbreviation A, := D(g — [g]x). Here, we recall that w(-, 0) =
g(-, 0), and therefore [w — gl = [w]y —[g]n with [w]; and [g];, defined according
to (5.1) with v, = g(-, 0). Next, we apply the mean value theorem to infer, for a
function u(x, t) € [0, 1], that

f(Dvy) = f(D[wly) +(Df (Dlwly + 1An). Ap).

Since g < p + 1, the second term on the right-hand side can be estimated with the
growth condition for Df from (2.3) and an application of Holder’s inequality as
follows:
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‘/Q (Df (Dlwln + nAn), Ap) dz

—1
< L/ |Anl (1 + |DIw]y + nA))" dz
Qr
P

ptl—gq
= C[/ IAh|P+7—‘1 dz} [/ 1+ |D[w]x|? + |Ah|de:| ,
Qr Qr

foraconstantc = ¢(p, g, L). Now we use the hypotheses on the datum g to control
the integrals involving Aj. The first integral converges to O as & | 0 by Lemma

_r_ _p -
B.2 (ii), since g € L»+1=4 (0, T} wlrri=g (€2, RM)). More precisely, we have

s ] ptl=g

[/ |Ah|p+pl‘1dl] ! =[/ |D(g—[g]h)|v+’l’qdz] "o
Qr Qr

as h | 0. The second integral can be bounded uniformly with respect to 4, again,
by an application of Lemma B.2 (i), since w, g € LP(0, T; wbhr(Q, RN)). Here
we have the estimate

[/ \Dlwlyl? + |Ah|ﬂdz}”
Qr

1

P

§C[/ IDgI”+IDM1|”+|Du2|”dZ+h/ IDg(-,O)I”dX} ;
Qr Q

where the constant ¢ depends only p. Joining the last two inequalities therefore
implies

=0.

hl0

It remains to treat the integral involving f(D[w]y). For this we observe that

1 T
—[/ eh ds=1.
h(l1—e"r)Jo

This allows us to interpret the mollification [w],—modulo a multiplicative factor—

lim‘/ (Df (Dlwly + nAn), Ap) dz
Qr

. s—t .
as a mean with respect to the measure e ds. Therefore, we rewrite f(D[w]y)
according to this interpretation and afterwards use the convexity of f and Jensen’s
inequality. This procedure yields a pointwise bound of the term in question as
follows:

t 1—e % ! s—t
f(Dwlx(-, 1) = f(e_hDg(-, 0)+——— / Dw(-, t)e ds)
h(l —e i) Jo

t
< e f(Dg(,0) + (1 —e—i)f(ﬁ/o Dw(-, t)e’ ds)
—e h

4 1_67% ! s—t
S e i f(Dg(,0) + —,/ f(Dw(,n)en ds
h(l —e ) Jo

—e h

= [f(Dw)], ¢ 0,
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where [ f(Dw)]j, is defined according to (5.1) with v, = f(Dg(:, 0)). Since
f(Dw) € LY(0,T; LY(Q)) = L'(Q7) and f(Dg(-, 0)) € L'(Q), we have by
Lemma B.2 (i) the uniform bound

H [f(Dw)]h HLI(QT)
<1 F DL,y + 1 F(DgC L)
< LIFDulpiay + S1F D) 110y + hIFDEE, 01 < 00
where we used for the last inequality the fact that 1 and u» are variational solutions,
which implies, in particular, that || f (Du;)| 11(q,) < oo fori = 1,2. Since the

second term, that is, the term A || f (Dg(-, 0)) |11 (q), vanishes in the limit 2 | 0, a
variant of the dominated convergence theorem implies that

lim [ f(IDwly)dz = f(Dw)dz:/ f(5Duy + $Duz)dz  (5.3)
hl«o Qr Qr Qr

holds true. This finishes the treatment of the first term appearing on the right-hand
side of (5.2); it remains to consider the second term II;,. We rewrite II; as follows:

1, = " + 1 + 11,
where we have abbreviated
I = / 0 [wl ([wly — w) dz,
Qr

m;” :=/52 0wy - (g = [8ln) dz.

T
n® = /0 (3¢ — dilgln, [w — gly — (W — &) dr-

Due to Lemma B.2 (iv) we know that the first term is non-negative, since
) = —%/ [wly — w|*dz £ 0.
Qr

Using the fact that [w];, — win L?(0, T; WP (2, RY)), and the uniform bound
for the norm of 3;[g1y in L? (0, T; W=17(Q, RY)) by [|9,g Lo 0.7 w10 (@.RNY)
(see Lemma B.3), we obtain in the limit 2 |, O that there holds

1
=0 [ =)~ lgh d:

— [ (wlp —w) - dlglndz
Qr

T
_/0 (3t[8]h7 [w]h - w)Wl»P(Q) dt e 0
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The same reasoning can be used to treat the term Hf), since [w — gl > w—g
strongly in L? (0, T'; WI*P(Q, RN)). Therefore, we have

lim 11> = 0.
10
Altogether we have established that
limsup IT, < 0. (5.4)
hl0
With (5.3) and (5.4) at hand we can pass in (5.2) to the limit 2 |, O to obtain that
/ [f(Duy) + f(Duy)]dz < 2/ f(%Dul + %Duz) dz
Qr

Qr

< [f(Duy) + f(Duz)]dz.
Qr
In the last step we used the strict convexity of f and the assumption that u| # u5.
Thus we arrived with the preceding inequality at the desired contradiction. This
proves the uniqueness of variational solutions. O

6. A Local L7-Estimate for the Spatial Gradient

In this Section we prove quantitative, local interior L?-estimates for the spatial
gradient Du of weak solutions in terms of their local L”-norm. These estimates
shall be proved as a priori estimates, in the sense that we initially assume Du €
Li’OC(QT, RN™). Therefore, they are not directly applicable to variational solutions.
Later on, these a priori estimates will be applied in an approximation scheme,
that is, an approximating sequence of solutions to regularized problems for which
the higher integrability assumption is known to hold true. Before we start with the
proof of the higher integrability estimate, we shall provide the necessary facts about
parabolic function spaces.

6.1. Parabolic Function Spaces

The first Lemma is a parabolic version of Sobolev’s inequality, which follows
from Gagliardo—Nirenber’s inequality. The statement can be found, for instance, in
[12, Chapter I, Proposition 3.1].

Lemma 6.1. Let o = 1, Q,(z,) = By(x,) X (t, — 0%, t,) C R" ! and
e L7ty — 0% to; W (By(x0))) N CO(to — 0*10; L*(By(x0))).

o(n+2) .
n (Qo(z0)), and there exists a constant ¢ = c(n, o) such that

o(n+2)

u n
][ FIE
QQ(ZO) Q

(o2 n
§c][ (|Du|“+‘z’ )dz( sup ][ |u(-,t)|2dx) .
00 (z0) @ te(ty—02,1)” Bo(x0)

Then, u € L
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The following results are concerned with elliptic and parabolic fractional
Sobolev spaces. Since embeddings of such spaces provide certain higher inte-
grability properties, they will play a crucial role in the proof of the a priori es-
timate. We first recall their definitions. We say that f € wkP(Q, R¥) with
1 £ p < 00, k € Ny belongs to the fractional Sobolev space wkte. p (2, Rk),
with a € (0, 1), if the Gagliardo semi-norm [D? f lo, p; 2 Of any weak partial deriv-
ative DP f of order |8| = k is finite; here, the Gagliardo semi-norm is defined
by

B _pB
[D’Bf]p _// |DP f(x) — DP f(y)|? dxdy
QJQ

a, p; T |x _ yln—i-otp
for any multiindex 8 € Njj with |8| = k. Endowing Wwkte P (Q, R¥) with the norm

If e rey = I f llweriey + D, [P flapig
|Bl=k

wkte. P(Q, RF ) becomes a Banach space. Later on, we will need a Gagliardo—
Nirenberg inequality for fractional Sobolev spaces as stated in Lemma 6.4. This
inequality will be a consequence of an interpolation inequality from [7, Corollary
3.2] and a fractional Sobolev inequality, which can be found, for instance, in [13,
Theorem 6.5].

Lemma 6.2. (Fractional interpolation) Assume that 0 < a; < ap < 00, 1 <
p1, p2 < ooandB € (0, 1). Let « and p denote the convex combinations of a1, o2
(respectively %, % ), that is,

1 % 1—-6
a=0d;+(1—-0)a, —=—+ . (6.1)
p P1 p2

Finally, suppose that f € We-PL(R") N WY P2(R"). Then, f € W*P(R"), and
there exists a constant ¢ = c(a1, o2, p1, p2, 0) such that

0 1-6
If wer@ny = L yer.rn ey LS Tyya.p gy -

Lemma 6.3. (Fractional Sobolev embedding) Let « € (0, 1) and p € [1, 00) such

_np
that ap < n. Then, for any f € WP (R") we have f € Lr—r (R"), and there
exists a constant ¢ = c¢(n, s, a) such that

171, 22 gy S €L T i

With these versions of interpolation and embedding in fractional Sobolev spaces
we are able to establish the fractional Gagliardo—Nirenberg inequality, which is
suited for our purposes. We note that for Besov-spaces a similar inequality has been
proved in [21, Corollary 2]. For the sake of completeness we provide a proof in the
setting of fractional Sobolev-spaces.
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Lemma 6.4. (Fractional Gagliardo—Nirenberg inequality) Let B, (x,) C R", with
o< landx,in,0 €(0,1), 1< p,r <s < 00, such that

—§§9(x—%)—(1—9)(1—u+§) (6.2)

holds true. Suppose that [ € WH'A*”(BQ(X(,)) N WHT(By(x,)). Then, Df €
L*(By (x,)) for any radius 0 < 9 < o, and there exists a constant c = c(n, L, A, 1,
p,s,0,1/(o0 —9)) such that

”Df”L‘(Bly(x{,)) =C ”f” 144, “P(By (%, ))”f”W”'(BQ(X(,))

Proof. We choose a cut-off function n € Cg(BQ (x6), [0, 1]) such that n = 1 on
By (xo) and 0]l + (@ = DI Dlloc + (0 = )1 Do < ¢
Next, we choose « according to

n—+as % 1-06

= — + . (6.3)
ns p r
Then, by (6.2) we have

0 1-6
_on (=6n n

P r S

0 1-6
§_”+g+9(k_£)_(1_9)(1_u+3)

p r p r
=0r—(1-60)1—upn) <1. (6.4)

Since p, r < s, we also have that

n

a_e(———)+(1—9)(——§) > 0.

Therefore, we can apply Lemma 6.3 with («
that

) instead of («, p) to fn to infer

’ n+0{A

IDf s By xo)) = IDfMILs®ey =

By our choice of « from (6.3) we are allowed to apply Lemma 6.2 with (1+ca, 14A,
", n_"’_‘fm, p, r) instead of («, a1, @, p, p1, p2) to the right-hand side. Note that at
this stage we have taken into account that 1 + a < 6(1 + A1) + (1 — 8)u, which is
a consequence of (6.4) and therefore of (6.2). We also mention that we can always
apply Lemma 6.2 to values of « (in our case 1+a) for which <holds in (6.1);. This s
a consequence of the embedding WA TU=Ou.P(B, (x,)) — W% P(B,(x,))
and the fact that nf has its support in B, (x,); this is relevant only in the case that
1+a <61 +x)+ (1 —60)u. The application of Lemma 6.2, therefore, yields that

“Df”L‘(Br(xa)) =C ||f77||W1+A P(R")”fn”W!‘- (R
: ¢ ”f” I+, p(B (X0 ))”f”WM'(BQ(xo))

holds true for a constant ¢ = c¢(n, u, A, r, p,s,0,1/(o —¥)). O
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We also need a parabolic version of fractional Sobolev spaces. We say that
u e LP0,T; WP (Q, Rb) with 1 < p < oo, k € Ny, a € (0, 1) belongs to
the parabolic fractional Sobolev space L” (0, T'; Wktep(Q, RK)) if the parabolic
Gagliardo semi-norm

T DPu(x,t) — DPu(y, t)|?
[DPull o = |DPux, 1) u(y. 1) dxdydt
®0.p:2r 0o Jala |x — y|rter

is finite for any multiindex 8 € Njj with || = k. As in the time independent elliptic
setting, L” (0, T'; Wwhte. p (2, ]Rk)) becomes a Banach-space with the norm

letllira, 0.p:027 = lullLoo.r:wer @ ®y + D [P fla 0. picr-
|Bl=k
The next lemma provides an embedding result for the fractional parabolic Sobolev
spaces and is an immediate consequence of the fractional Gagliardo—Nirenberg
inequality from Lemma 6.4.

Lemma 6.5. (Parabolic fractional Sobolev inequality) Let B, (z,) X (1, 12) C R
be a general space-time cylinder witho < land i, p € (0,1), 1 < p,r <s <
parameters such that

—p(1—n+>) <p. 6.5)

Further, assume thatu € L?(t1, t; W1+)‘*p(BQ(x0)))ﬂL°°(t1, tr; WHT(Bg(x0))).
Then, Du € L*(By(x,) x (t1, 1)) for any 0 < 9 < o and, moreover, the quanti-
tative estimate

r s=p
I DullLs (By (x0)x(11,12)) = € 1l 2o 1y s w0 (8, o) ze%}pm) €y Ollwier B, (x0))
holds true with a constant ¢ = c(n, u, A, r, p, s, 1 /(0 — 9)).

Proof. For almost every t € (1, ) we have u(-,t) € WH’\*I’(BQ(xo)) n whr
(B, (x,)). Moreover, assumption (6.5) implies that hypothesis (6.2) in Lemma 6.4
is fulfilled for the choice 8 = % Applying Lemma 6.4 slicewise to u(-, ) on By (x,)
we obtain

4]
/ / |Du|® dx dt
t1 J By(x,)

n
6 1-60
S e [ D10 g0 I DI 0
1

[5)
14 S=p
C/t1 flu(-, t)”WHA,p(BQ(XO)) fluC, t)”W/‘-’(Bg(xU)) dt

n
Sc/ (O, dt sup fu(, 0ll}" :
=)y WIH4r (B, (x,)) tettr. ) LT (Bg (x0))

where ¢ stands for the constant from Lemma 6.4 and therefore dependsonn, u, A, r,
p,s and 1/(o — ¥). This proves the assertion of the lemma. O
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Finally, we need an elliptic and parabolic version of the embedding from Nikol-
skii spaces, which are defined via finite differences, into fractional Sobolev spaces.
The first part of the following Lemma is a consequence of [3, 7.73], while the
second one is taken from [14, Proposition 2.9].

Lemma6.6. Letk €N, Q€ Q, 0 € (0, 1) and0 <1, <t < T.
(i) Assume that u € L>(0, T; L*(Q2, RY)) satisfies

sup /~|u(x+he,-,t)—u(x,t)|2dx < M|h*
Q

te(t1,n)

foreveryi € {l,...,n} and h € R with |h| < mig{dist(ﬁ, 092), A}, where
A, M > 0. Then for every o € (0, 9)~and O € Q there exists a constant
c=cn,0,a, A,dist(O, 0R2), dist(2, Q)) such that

2
u(x,t) —u(y,t
sup [u(.,t)]ip.oz sup / jutx. 1) n—(',-);oz ) dxdy S cM.
te(ty ) " re(tn) /O JO lx — vl

(i1) Assume that u € LP(Qr, RF) satisfies
5]
/ /~ lu(x + hei, t) — u(x, 1)|” dx dt < M|h|%?
131 Q

for everyi € {1,...,n} and h € R with |h| < mig{dist(fl, d02), A}, where
A, M > 0. Then for every y € (0,0) and O € Q there exists a constant
c=cn,0,y, A,dist(O, ), dist(2, )) such that

2 lu(x, 1) —u(y, )P
[wl?, . E/ / dxdydr < ¢ M.
@,0,p;Ox(11,12) v JolJo |x — y|rtpy

With these prerequisites at hand we can now start with the proof of the
L9-estimate for the gradient.

6.2. Caccioppoli Inequality for Finite Differences

The first step in most proofs of higher integrability for the spatial gradient is
usually a Caccioppoli inequality, that is, an inequality of the type of a reverse
Poincaré inequality. Since for systems of the type considered here we do not know
that second spatial derivatives exist, we need a version for finite differences of Du.
By 7, [v] withi € {1, ..., n} we denote the finite difference of a function v in the
spatial direction e; with increment /, that is, for v € L! (27) we define

ilvl(x, t) == v(x + he;, t) —v(x, 1)

for (x,t) € Qr such that also (x + he;, t) € Q7. Then we have the following
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Lemma 6.7. (Caccioppoli inequality) Let

ueLl?(0,7; W7 (Q,RV)N L}

0,7 whi@, RY) ncO(j0, TI; L2 (2, RY))
be a weak solution to (2.7) where the structural conditions (2.9) are in force. Then,
for any parabolic cylinder Q,(z,) € Qr, any 0 < r < @, any 0 < |h] <
dist(B,(x,), 02) and any i € {1, ..., n} there holds

sup / |7, i [ , )] dx +/ |Th,i[Du]|” dz
By (xo)

te(to—r2,1,) 0r(20)

c

-2
< —— (1Dul + |tai [Dul) ™ |m i [ul* + |7, (] dz,
(Q - r) QQ(ZO)

with a constant ¢ = c(v, L, p, q).

Proof. Without loss of generality, we assume that z, = 0 and write Q, instead of
0,(0). In the weak formulation of (2.7), that is, in

/ u-g — (Df(Du), Dp)dz =0  forall ¢ € C°(Qr, RY),
Qr

we replace ¢ by 7_j ;[¢] with 0 < |h| < 1 and perform an “integration by parts
for finite differences”. This leads us to

/Q thilul - ¢ — (0 [Df (D), Dg)dz = 0

forall ¢ € C°(Qr, RY) and | k| small enough. In the following, we shall proceed
formally concerning the use of the time derivative d,u. However, the arguments
can be made rigorous by the use of a mollifying procedure with respect to time,
as for instance by Steklov averages. Since these arguments are standard we shall
omit them and proceed formally. In the preceding identity we choose the testing
function @(x, 1) = 1, [ul(x, Hn>(x)¢ () xa(t), where n € C}(B,.,[0,11), ¢ €
WL(R, [0, 1]) and x9 € WH(R, [0, 1]) are cut-off functions. The spatial cut-
off function 7 satisfies n = 1 on B,, |Dn| < 2/(o0 — r), while ¢ is defined by

0 for t € (—o0, —Qz]
£(0) = { ozt +0%) for 1 €[—0% —r?)
1 for t € [—r?, 00)
and yy is given by
1 for t € (—oo, T — 0]
xo@) :={Lx—1 forte@@—-0,7] (6.6)

0 for t € (7, 0]
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for some T € (—r2,0) and 0 € (0, r2 + 7). With this choice of the testing function
¢ we obtain from the last identity

—/ rh,i[u]-Bz(rh,i[u]EXe)nzder/ (tn,i[DF (D)1, Ty i [ Dul)n*¢ xo dz

Qo Qo

__ / (04 [DF (Du)], Vn? @ thi[ul)¢ xo dz. 6.7)

Qe

For the first term on the left-hand side we compute for almost every T € (—r2, 0)
that

—/ fh,iu~8t(fh,i[u]§xa)n2dz=/ dtnilul - T i [uln*¢ xo dz

QQ QQ

_1 / Ol tn s ulPnP¢ xo dz = —1 / Vo ] P8, (¢ xo) dz
0

Qo

Q
1 - 22 L 22
- |Th.i [u]*n dxdt+—/ / |Th,i[u]|"n~ dx dr
2(Q2—7’2) /—92 /Bg l 26 Jr-o B, l

2
1 /_r / 2.2 | 2 2
S - i) P dxdr+—/ (o slal - )PP d,
20° =) ) Jp, " 2 ),

4

in the limit 6 | 0. Passing also in the other terms in (6.7) to the limit 6 | 0 and
taking into account that 1/(0* —r?) < 1/(0 — r)?, we infer

H4m:=1 / |th,i [u](, T2 n* dx + / (tn,i[Df (D)1, T [Dul)n’¢ dz

§—2/
9

Q Qg
1
(tni[Df(Du)], Vi @ i [ul)ng dz+—2/ T, [u]*n? dz
26 —r)* Jo,
=M +1V, (6.8)

where we introduced the shorthand notion Qz) = B, x (—02, 7). We rewrite the
term II in the following way:

1
= / / (sz(Du + st [Dul)Th i [ Dul, thyi[Du])nzg‘ ds dz.
5 /0

Similarly, in the term III we rewrite the finite difference v ;[Df(Du)] and then
use the Cauchy—Schwartz inequality for the symmetric bilinear form (o, o)
(D? f(Du)o, &). This leads us to the estimate

1
I = —2/ / (sz(Du + stii[Dul)th,i[Dul, Vi @ i [ul)ng ds dz
03 Jo

A

1
%H+2/ / (sz(Du + 575, [Dul)Vn @ ty, i [u], Vn ® ‘L’h’l'[u])é' dsdz.
TJ0
o
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We use the preceding inequality in (6.8) and reabsorb the integral %II on the left-
hand side. Subsequently, we use assumption (2.9), and the choice of 7, that is,
|Dn| £ 2/(¢ — r) to infer that

1
I+ < 4/ / (sz(Du + 57, [Dul)Vn ® T i[ul, Vi @ rh,,'u)é‘ dsdz+21V
TJO
Q

1
§4L/ / (1+ |Du + 7, [Dull972) |V ® . :[u]|” ds dz 4+ 21V
5J0
e

< g, L)

2 n 42 2
< . [l—i-(IDuI + pi[Dul?) 2 ]|rh,,~[u]| dz +21V.
(0—r)Jo;

With the help of (2.9)3, Lemma 3.3 and the fact that we restrict ourselves to the
case p = 2, we estimate the term II from below as follows:

1
H;u/ / |Du + sty ;[ Dul|”~2|t.: [Dul|*n*¢ ds dz
oz Jo

v

p=2
”/ (IDu(x, )1* + |Du(x + he;, 1)]*) 2 |rh,,~[Du]|2n2;dz

c
9

%/ |tn,: [Dul|Pn*¢ dz

2

1\%

for a constant ¢ = c(p). Inserting this above we see that

/ ltn.i (], T)*n* dx +/ |th,i [DullPn*¢ dz
B, o)

c

< —2/ (1Dl + [z LDl 7 sl 2 + [ 41] 2 d
(e—nr7*Jo,

holds true with a constant ¢ = c(v, L, p, q). Note that the preceding inequality
holds for almost every t € (=r2, 0). Therefore, we can use it in two different
directions: In the first term on the left-hand side we take the supremum over 7 €
(—r?2, 0), while for the second one we let T 1 0. Proceeding in this way and taking
into account the properties of the cut-off functions n, ¢, particularly that n = 1 in
B, and ¢ = 1in (—r?, 0), we conclude the desired Caccioppoli inequality. O

6.3. Quantitative Higher Integrability

In this section we provide a first quantitative higher integrability estimate. The
structure of the estimate is as follows: for any exponent o € [p, g) we prove that
there exists S(o) > o such that for any integrability exponent s < S(o') the local
L’ -energy of Du can be bounded in terms of the local L?-energy of Du. The
precise result is as follows
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Lemma 6.8. (Improvement of integrability) Let

weL?(0, T; W2 (@, RM)N L (0, T; Whi(Q,RY)) n ([0, T1; L*(,RV))

loc

be a weak solution of (2.7) where the structural conditions (2.9) are in force. Then,
forany o € [p, q), any cylinder Q,(z,) € Q7, any radius r € [0/2, 0) and any

4n’> —2n(n +2)(q — o)

s<S8S(o):=p D —0) (6.9)
the quantitative higher integrability estimate
n+2
/ |Dul* dz < ¢ (/ |Dul° dz + MM) ’ (6.10)
0r(z0) 00(20)

holds true with a constant c = c(n,v, L, p,q, 0,5, 0,1). Here, we have abbrevi-
ated

M,,:=1+ sup / |u(«,t)|2dx+/ w|”dz.  (6.11)
BQ(XU) Qg(Zo)

te(’o*QZ to)

Proof. We choose two radii o1, 02 such that Q'H o1 <0 = Q+ and consider
increments 0 < |h| < 4(g — r). These ch01ces ensure that |h| < 0 — 02, and

therefore x + he; € By(x,), whenever x € By, (x,) andi € {1, ..., n}. Next, we
define
2 —
gimp- BFDG=D) o) (6.12)
n

Note that @ > 0 by our hypothesis (2.8). We now apply the Caccioppoli type
inequality from Lemma 6.7 with (01, 02) instead of (r, ¢), Holder’s inequality and
a standard estimate for finite differences to obtain, for any i € {1, ..., n}, that

sup / |Th,i[u](',t)|2dx+/ |Th,i[Dull? dz
Bgl(xa)

te(tu_Q%a[u) QQ] (z0)

c -2 _
S — (14 [Dul + [t Dul) " |z 1| [Th u |~ dz
(@2 = 01)" /0y, )

c o
£—— (1 + |Dul + |t4,:[Dul|)
—o*\Jo,, )

( [T, [u]|” dz)

QQ2(ZU)

o(2—a)

( |Th,i[u]|o—e-=2 dZ)

QQz(Zo)

qta=2

ﬂ(/ (1+|Du|)")
(02— 0*\Jo,i)

o—a—(g—2)

o(2—a) o
X (/ [th,ilu]]o—e=@=2 dz) (6.13)
QQ2(ZU)

q—2
o

A

o—a—(g-2)
(o2

A



Parabolic Systems with p, g-Growth 247

holds with a constant ¢ = c(v, L, p, g). It now remains to estimate the last term
on the right-hand side of (6.13). This will be achieved by an application of the
parabolic Sobolev inequality from Lemma 6.1. We observe that by our choice of o
in (6.12) we have

o2 —a) _on+2)
oc—a—(q—2) 2

Therefore, applying Lemma 6.1 leads us to

o(2—a) o(n+2)
|Th,i[u]| o=~ dz = [Th,ilull ™2 dz
QQ2 (z0) ng (z0)

Th U] |C
éc/ Dy )" + | 2
QQ2(ZU)

dz
x( sup / |rh,,-[u]<~,z)|2dx),
te(lo_Q%JU) BQZ(X")

for a constant ¢ = ¢(n, o). Recalling that |h| < o — 02 < 02 we can estimate the
first integral on the right-hand side of the preceding inequality by

/ | DIy, iull” +
QQ2(ZU)

. o
T’—[”]) dz g/ 1Dul” + (4)71Dul” dz
QZ QQ(Z())

< 2/ |Dul|’ dz.
QQ(ZO)

Inserting this into the second last inequality and joining the result with (6.13), we
get

sup / Ifh,i[u](-,l)lzdx-F/ |Th.i[Dul|” dz
BQI(X") le(Zu)

t€(to—073 10)
o
< _clnl

S —— (1 +|Dul)? dz
(02 —01)7 J0,z0)

g-a=(g=2)
x( sup / ITh,i[M](',l)|2dx) )
t€(to—03.10) Y Boy (o)

where ¢ = c¢(n, v, L, p, q, o). To the right-hand side we apply Young’s inequality
and take into account that the Holder conjugate of n/(0c — o — (¢ — 2)) is given by

n }’l2

n—oct+atqg—2 ni-2q-o)

This leads us to

sup / Ifh,i[u](~,t)|2dx+/ |Th,i [Du]|” dz
Bgl(xo)

te(to—0}.t0) Q0 (z0)
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A
Bf—

sup / |th,i[u] -, 1)|* dx
1€(toy—03.15) ¥ Bop (¥o)
2

h|“ T
C(Lz/ (1Du] + 1) dz) o
(02 —01)" J0,z0)

where ¢ = c(n, v, L, p, q, o). For the application of Young’s inequality we need to
have that 2(q — o) < n?, which is a consequence of (2.8). With the help of Lemma
3.1 we can reabsorb the sup-term from the right into the left-hand side, yielding
that

sup / |7, (] (-, )| dx +/ |tn.i[Dull? dz
Brl (x0)

te(t{,—r%,t{,) Or (20)
n2
h|* n2_2(g—0)
gc(L2 (1+IDu|)”dz) e
(@ =170,
where r| = %. We also abbreviate r, := %&, sothat r < r, < ri. Now,

the embedding of parabolic Nikolskii spaces into fractional Sobolev spaces from
Lemma 6.6 implies that

weLP (ty = 1y 10; WP (B, (x0), RM)) N L (15 — 17, 10; W2 (By, (), RM))

holds for any

2 Oll’lz

=:A and u < m =: (L. (6.14)

- an
p(n? —2(q —0))

Note that pA = 2ji and A < i < 1. Furthermore, the Lemma also implies the
quantitative estimates

A

112

n2-2(q—0)
[Du]fﬁo’p;Qro(xu) < c(/Q . )(1 + |Du))® dz)
o\Ko

and
2

2 < o n2—;<q—a)
sup (UG D15 55 o) S € o )(1+|Du|) dz .
0Zo

1€(to—r2,10)
Note that c = c¢(n, v, L, p, q, 0, i, A, 0, 7). These bounds allow us to estimate the
LP—W!**P_norm of u on O, (z,) as follows:

Wl Lo (ty—12,10: w1402 By, (20)))
= llullLr(0,, ) + 1PullLr(Q,, o) + [Dulr,0,p: 0., z0)

0”12
’127 —0
= C(”“”LP(Q@(ZO)) +1Dullze (g, + 1Dl {5 g (05 + 1)

2

(7127’12( —0))
§c</ |Du|”dz+MZO,Q)" —
QQ(Z())
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Similarly, for the L®—WH2_norm of u we obtain

sup  lu(, t)”wul(gra(xo))
1€(to—r2,10)

= sup  uCDll2s, @y sup [, D]pn2:B,, (x0)
te(to—r2,t,) te(to—r2,t,)
2

C( sup  luC, Dl 28, ) + ||Du||z§,(Qj‘(7zg)>)) + 1)

te(to_gzqto)

[IA

2

2(n2—;( —0))
§c(/ |Du|°dz+Mng) —
QQ(Z())

We now want to apply Lemma 6.5. For this we first need to check that hypothesis
(6.5) is satisfied. By the definitions of S(o0), A, «, the fact that i = pA/2 and since
s < 8(o0), we have

s=m(1-i+ g)ﬁ < (S(0) —p)(l — i+ g)i

4n* —2n(n +2)(q — o) ~ ny 1

- n3+ (2 —4)(q —o) ( T2 E)X_

2P —n(n+2(q—0) (m+2 1

T B+ =4 —o) (2)»]7 2)

2n° —n(n+2)(g —0) ((n+2)(n —2(q —0)) _1)
n3 4+ (n2 —4)(g — o) 2an? 2

2 —n(n+2)(q —o) . ((n+2)(n2 —2(¢q—0) 1)

St -4 g —o)

_ 2n? —n(n +2)(qg — o) _ ((n—+-2)(n2 —2(¢g—0) l)
n3 4+ (n?2 —4)(qg — o) 2n? —n(n +2)(q — o)

_ (n+2)(n* —2(q —0)) —2n* +n(n+2)(q — o)

B i+ (n* —4)(g - o)
n* —2(n+2)(qg — o) +nn+2)(qg — o)

- n3 + (n* —4)(q — o) =1

an?

Therefore, we can choose A and u according to (6.14) in such a way that (6.5) is
satisfied with r = 2, that is, that

(s—p)(l—qu%)é)»p

holds true. This is possible since the preceding strict inequality is valid with j and
2. This fixes A, i in dependence on n, p, g, o and s. The fractional embedding
from Lemma 6.5 therefore implies Du € L*(Q,(z,), RN") for any integrability
exponent s as in (6.9). Moreover, the following quantitative higher integrability
estimate holds:
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N < p . S=p
/Q,(zo) |DM| dZ =C ”u”Lp(tofraz,to:Wl“*”(Bru(xo))) sup ||M( ’ t)”W/“Z(BrU(Xo))

1€(to—r2.10)
§c(/ |Du|” dz + M, .,
00(20)

2 o
) )1272(1170) (1+Tp)
for a constant ¢ = ¢(n, v, L, p, q, 0, s, 0, r). The assumption s < S(o) allows us
to bound the exponent on the right-hand side as follows:

’

n? s — n? S(o) —
n2—2(q—a)'( + 2p)<n2—2(q—o)'(1+ 2 p)
n? (n+2)(n*—2(g —o0))
T 2-2qg-0) m+ -4 o)
B n*(n+2) cnt2

W+ 2 —4)g—0) " n

Since M, , = 1 by definition, we can replace the exponent on the right-hand side
of the second last inequality by ”niz This gives

n+2
/ |Du|sdz§c(/ |Du|0dz+MQ,ZD)
0r(z0) Qg (z0)
and proves the claim of the lemma. O
Remark 6.9. We note that the constant in the higher integrability estimate (6.10)

blows up, that is, ¢ 1 oo, wheno 1 gors 1+ S(o)orr 1 0. O

6.4. Uniform Improvement of the Integrability Exponent

Our aim in this section is to ensure that Lemma 6.8 in fact yields a uniform
integrability improvement, in the sense that there exists a constant &, = &,(n, g —
p) > 0 such that

S() 2o +¢, foranyo € [p,q). (6.15)

The quantity S(o) was defined in (6.9). Weletd := o — p € [0, ¢ — p). We observe
that (6.15) is equivalent to

4n* —2n(n+2)(g — p—8) —8(n* + > —4)(g — p—9)
= &o(n’ + (n* = 4)(g — 0)).

In the following we prove that there exists &1 = &1(n, ¢ — p) > 0 such that
g(8):=dn* —2n(n+2)(g—p—8)—8(n’+(n* — 4)(g—p—3)) Z 1, (6.16)

for any § € [0, g — p). Once (6.16) has been established, (6.15) can be concluded
with ¢, = €1/ (2n3), since q — o < 1. To prove (6.16) we distinguish between the
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casesn =2,3andn = 4.If n € {2, 3}, assumption (2.8) reads as g — p < 1 and
therefore ¢ := 1 — (¢ — p) > 0. We now set €1 := 2n(n + 2)¢. Then we have

g1 =2n(n+2)¢
<2n(n+2)e +2n* —4n+ (> +dn+ 4 —n®)8 + (> —4) (s +6)8
=dn* —2n(n+2)(1 —e —8) = §(n* + (> —H(1 — e — 8)) = g(5).

Here we used, in turn, the fact that 2n> —4n+ (n> +4n+4—n3)8 = 0forn € {2, 3}
and § € [0, 1). This proves (6.16) with ¢; = 2n(n +2)(1 — (g — p)).

Next we consider the case n = 4, where (2.8) turns intog — p < %. We consider
the real valued function g defined in (6.16) for § € [0, ¢ — p] and compute

() =2n(n+2) —n® — (> —4)(q — p) +2(n* — 4)8.

Then, g’(8) < g’'(¢ — p) < 0on [0,q — pl, so that g is strictly decreasing. This
implies g(8) > g(q — p) = 4n® for any § € [0, g — p) and this establishes, as
above, (6.16) for the choice &; = 4n2. Note that this implies that (6.15) holds true
with the constant ¢, = ”nizz(l — (g — p)) it n = 2,3 (respectively ¢, = 2/n if
n=4).

6.5. Iteration

In this section we iterate the higher integrability estimate from Lemma 6.8 in
order to obtain the local L9-estimate for the gradient Du in terms of the local L”-
norm. This is possible, since the improvement in integrability in estimate (6.10)
from Lemma 6.8 is uniform, as we have shown in (6.15). The precise result is as
follows:

Proposition 6.10. Let 2 < p < q satisfy (2.8) and suppose that

ueL?(0,T; Wh7(Q, RV))NL]

loc

(0, T; Wb (@, R)) n ([0, T1; L2 (2, RY))

is a weak solution of the parabolic system (2.7) where the structural conditions
(2.9) are in force. Then, there exists a constant x = x (n, q — p) > 1 such that, for
any cylinder Qr(z,) € Q, there holds

X
/ |Du|? dz§c(/ |Du|pdz—|—MZmR) , (6.17)
ORr/2(20) Or(z0)

where M, g is defined in (6.11) and ¢ = c¢(n, v, L, p,q, R).

Proof. We consider a cylinder Qg(z,) € Q27 and define, fori € {0, ..., I}, radii
r; and integrability exponents o; by

R R 4
ri.=§+ﬁ and o; :=p+i 7

r=[5E

where
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and &, = ¢,(n,q — p) > 0 is the constant from (6.15). Then, p = 0, < 01 <
- < 07-1 < o7 = g and, moreover, g;+] < S(o;) foranyi € {0...,1 — 1}.
Therefore, we can apply Lemma 6.8 and conclude that

/ | Du |+ dz §c(/ | Du|% dz—i—MZmR)
Qri+1(20) Qri (zo)

holds for any i € {0..., 1 — 1}. Here, we also used that M, ,, < M., g.Joining
these estimates and taking into account that M; g 2 1, r; = R/2andr, = R, we
find that

/ |Du|? dz §/ |Du|? dz
QR/Z(ZO) Qr] (z0)

n+2
n

n+2
<. (/ | Dul?-1 dz + MZO,R)

Qr171 (Za)

n+2 n+2
<c |:(/ | Du|%1-2 dZ+MzU,R) +Mz¢,,R]
Qr1_2(20)
(142)2

<¢ (/ | Dul®=2 dz + MZO,R)

Q’I—Z(Z(’)

(2!

A

c(/ |Dulpdz+MZU,R)
Or(z0)

This proves the asserted estimate (6.17) with x = x(n, g — p) = ("niz)l > 1 and
a constant ¢ dependingonn, v, L, p,gand R. O

7. Proof of Theorems 2.6 and 2.8

Here, we start with the proof of the existence of weak solutions stated in The-
orem 2.6. This will be achieved by constructing an approximating sequence of
solutions to a regularized problem and then passing to the limit. The passage to the
limit will be achieved thanks to the L?-bound from Proposition 6.10.

Proof of Theorem 2.6. We shall proceed in several steps.
Step 1. Regularization. For ¢ € (0, 1] we define the regularized integrand f. by

fe®) = f(&) +elgl?  fors e RV

From the properties (2.9) of the integrand f we infer the following growth and
ellipticity properties for the regularized integrand f:

elEld + &P < fo(B) S (L+ 1) (1+ &),
D2 fo(§) S (L+4q(g — 1) (1+1£1972), (7.1)
(D2 fe &), m) Z v IEIP2 | + eql&]97%n|?,
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whenever &, n € RV In particular, for every fixed ¢ € (0, 1], Df, satisfies stan-
dard g-growth conditions. Therefore, from the classical theory, see [20], we con-
clude the existence of a weak solution

ue € L1(0, T; Wh(, RM)) n ([0, T1; L*(2, RY))

to the parabolic Cauchy—Dirichlet problem

[ due — div (Dfe(Dug)) =0 inQr, 72)

Ug = g on dpQr .

Step 2. Uniform bounds and weak convergence. In the following, we want to pass
to the limit ¢ | 0. We first recall some facts from the proof of Theorem 2.3 (note
that the parabolic system (7.2) coincides with (4.2)). Therefore, the solutions u,
satisfy the energy bounds (4.5) and (4.6). Moreover, they admit the weak continuity
property from (4.8). By the arguments of Section 4.5 we infer the existence of a
function

we LP(0,T; W (2, RM)) N Cy (10, T1; L2(Q, RY)),
with u(-, 0) = g(-, 0) and a (not relabelled) subsequence, such that

Ug — U weakly in L?(Qr, RY),
Du, — Du weakly in L?(Q7, RM™),
ug(-, t) = u(-, 1) weakly in L>(€2, RN)for any € [0, T].

Next, we observe that Lemma 6.1 (more precisely, a version valid for the space-time
cylinder Q7, cf. [12, Chapter I, Proposition 3.1]) yields

/ |”8 / (|Du5|p—|—|u€| ( sup /|“s( 9] dx) )
QT QT tE(OT)

for a constant ¢ = c¢(n, p, diam(£2)). From (4.5) and (4.6) we know that the right-
hand side is uniformly bounded with respect to €. Since ¢ < p + % <p+ 271’ =

p("’—fz) by (2.8) and the assumption p = 2, the preceding inequality ensures that u,
isbounded in L1 (27, RY) uniformly with respect to €. Moreover, since f, satisfies
(2.9) with L+¢q (g —1) instead of L, we are allowed to apply Proposition 6.10 to u,.
This yields the existence of constants y = x(n,q—p)andc =c(n,v, L, p,q, R)
such that, for any cylinder Qg(z,) € 27, there holds

/ |Du8|4dz§c[ sup / lue (-, )] dx
ORr/2(20) te(ty—R2,t,) Y Br(x0)
X
+/ (14 [ug|” + |Dug|?) dz} . (7.3)
0r(20)

By (4.5) and (4.6) we therefore conclude that Du, is uniformly bounded in LloC
(Qp, RNy, Together with the L9-bound for u, from above, we conclude that
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1.00,T; WIL’Cq (€2, RM)) and that we can extract a further (not relabeled)
subsequence, such that

ueL?

(7.4)

Ug — u weakly in LI(Q,, RV) for any Q, € Q7.
Du, — Du weakly in L4(Q,, RV")for any Q, € Q7.

At this point, we start again from the weak formulation of (7.2); with a general
testing function ¢ € C3°(Qr, RY). Using the bound |Df,(w)| < c(g)L(1 +
|w|9~") (which follows from the convexity of f, and (7.1)1), Holder’s inequality,
(7.3) and the energy bound (4.5), we obtain that

‘/ ug - @ dz
Qr

= ‘/ (Dfe(Dug), Do) dz §C/ (1+ | Duc)~" Dy dz
Qr Qr

gq—1

q
= C(/ (1+ |Dug ) dz) I1DgllLa@r) = c I DellLar)-
spt ¢

foraconstantc dependingonlyon L, g, | spt|andsupy_,<; [[DuellLasptp)- Since
¢ € CP(Qr, RN)—and in particular spt ¢ € Q7—was arbitrary, this shows that
0;u¢ is uniformly bounded in Lq/(tl, t; W*L’/(O, RV)) forany0 <t; <th < T
and O € Q. By the lower semicontinuity of the norm, this also implies that u; €
L9 (t1, tp; W14 (O, RN)). Finally, the embedding

{v e LY (tl,tz; Wl’q(O,]RN)) Ty € L7 (t1, 1 W_l"’/(O, RN))}
= C([11, 1a]; L*(O, R"))
guarantees that u € CO([t1, ]; L>(O, RV)).

Step 3. Strong convergence. Due to (4.5) and (4.8) we can, on the one hand, apply
[32, Theorem 6] with

(X, B, Y, p.q) = (WP (Q,RY), L2, RY), W52 (Q, RY), 2, 0)

to conclude that (u.) is relatively compact in L2(Q27, RY) and, on the other hand,
we can apply [32, Theorem 5] with

(X, B.Y, p) = (WO, RY), L7 (O, RY), W -2 (O, RY), q),

yielding that (u,) is relatively compactin L? (O x (t1, t;), RN) forany Ox (1, ) €
Qr. Together, we infer the existence of a further, still not relabeled, subsequence
such that

ug — u strongly in L2(Q7, RY) and LY(Q,, RY) forany Q, € Q7. (7.5)

In the following we will use this result to show that we, indeed, have strong con-

vergence of Du, in L (Qr,RY), that is, that

Du, — Du strongly in L”(Q,, RN for anyQ, € Qr (7.6)
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and, further, that

ug(-,t) = u(-,t) strongly in L*(0, RV) for any O € Qand any t € (11, ).
(7.7)

For this aim we consider Q = O x (t1, ) € Qr withO € Qand0 <t <th < T
and ¢ € C3°(Qr, RM) with spt¢ C Q. From the weak form of (7.2); we infer
that

/Q [(te — 1) - @1 — (Df.(Dus) — Df (Du). Dg)] d

%]

= /Q(Df(Du), D) dz +/ (ur, @y wiao,rV) dt. (7.8)
31

Since u; € L‘]/(tl, ; W_l'q/((’), IRN)), the last integral on the right-hand side is
finite. In this identity we now formally choose the testing function ¢ = xp ¥ (us—u),
where ¢ € C3°(Qr, [0, 1]) has support spty C Q and x is defined according
to (6.6) with some T € (0,7) and 6 € (0, t). Note that this choice of testing
function can be made rigorous by an approximation argument. For the first term on
the left-hand side of (7.8) we obtain in the limit 6 | O that there holds:

/(ua—u)-wzdz = %/ lue — ul*d (xov) dz
0 0

t 1
= —ﬁ/ / |M5—M|21//dZ+§/ Iug—u|2)(98t1pdz
T—60 JQ 0

- —%/ | (ue —u)(-,r)Ideer%/ g — ul?0, % dz.
o

T

Here, we have abbreviated Q; := O x (t1, 7). Therefore, passing to the limit6 | 0
in (7.8) we get

%/0 (e — ) (-, )Py dx +/ (Dfe(Due) — Df (Du), Dg) dz

(o
T
=%/ e — ulPory dz—/ <Df(Du),D<pg>dz—/ (s e o, dt
Qt Qt 4]
=: I, + II; + 11, (7.9)

where we have set, for short, ¢, := ¥ (u, — u). Next, we decompose the second
term on the left-hand side of (7.9) as follows:

/ (Dfe(Dug) — Df (Du), Dge) dz

— / (Df(Dug) — Df (Du), Dugy — Du) dz (= 1v))
0.

+/ (Df (Dug) — Df(Du), DY ® (us —u))dz (=:1V?)
0:

+eq [ 1DuNDu, - Dged: (= VO,
0
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For the first term we use (7.1)3 and Lemma 3.3 to derive the following lower bound:

1
v = / / (D? f(Du + s(Du; — Du))(Du; — Du), Du, — Du)yr ds dz
+J0

1\

1
v/ / |Du + s(Duy — Du)|P~%|Du, — Du|*y ds dz
0. Jo

p=2
/ (IDu|* + |Du, — Dul*) 2 |Du, — Du|*y dz.
0

T

> v
= c(p)

Combining this inequality with (7.9) we get

=2
%/O|(us—u>(-,r)|2wdx+c”p)/ (IDul® + |Due — Dul?) 2
0.
|Duy — Du>y dz < |Ie| + [ | 4 UL | + [IVP] + IV, (7.10)

In the following we will show that the terms on the right-hand side of (7.10)
converge to zero in the limit ¢ | 0. For the first term this is a consequence of (7.5),

that is, we have |I.| — 0 as ¢ | 0. For the term IV?) we obtain, with the help of
IDF(&)| < c(g)L(1+1£]971), the uniform L9-bound for Du, on Q and the strong
convergence u, — u in LI(Q, RY) from (7.5), that

V| < c(q)L/ [(1Duel + D47 + (1Dul + DI IDY[Jue — u| dz
o

q—1 1
gc(q)Lanan(/ (|Dug|Q+|Du|q+1)dz) ’ (/ |u8—u|‘1dz)"
0 0

—-0 ase 0.

By the uniform boundedness of u, and Du. in LY(Q), we get for the term IVS)

that

v < eq/ |Du """ (|Due — Dulyr + |us — u||D|) dz
0

< c(@e (vl + IIDlﬂllLvO)/Q (IDug|? + [Dul? + ue — u|?) dz
to

—-0 ase 0.

Finally, from (7.4) we obtain that ¢, — 0 weakly in L9(r1, t; W9(O, RN)).
Since Df(Du) € LY (Q,RN") and u, € LY (1, t; W14 (O, RN)), this also
implies that |II;| and [III;| converge to zero in the limit ¢ | 0. Altogether, we have
shown that

lim [%/ |(e — u)(-, 7)1 dx
@]

el0

p=2
+/ (IDul* + |Du; — Duf?) Z |Due—Du|2wdz] =0. (7.11)
0
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Since sptyy C Q € Qr and t € (11, 1) are arbitrary, this already implies claims
(7.6) and (7.7).

Step 4. Passage to the limit. It only remains to establish that u is a weak solution to
(2.7). Starting from the weak form of (7.2),, that is, from

/Q ue g1 — (Dfo(Dup), Dpydz =0 Vg € C(Qr, RY),
T
we use (7.5) and (7.6) to pass to the limit ¢ |, 0. We conclude that
/ u-g, —{(Df(Du), Dp)dz =0 V¢ € C(‘)’O(QT,RN)
Qr

holds true. Moreover, for any cylinder Qr(z,) € Q27 we have Du, — Du almost
everywhere on Qr(z,), which, together with (7.5), (7.3), (7.6) and (7.7), shows
that

/ |Du|? dz
Or/2(20)

= lim |Dug|? dz
el0 S 0p/n(z0)

P
<c|: sup / |ug(',t)|2dx+/ (IDuel? + ug|? + 1) dz:|
te(ty—R2,1,) Y Br(xo) ORr(z0)

X
:c|: sup / |u(-,t)|2dx+/ (IDu|p+|u|p+1) dzi| )
te(ty—R2,t,) Y Br(xo) ORr(z0)

This completes the proof of Theorem 2.6. O

Finally, we prove the regularity result for variational solutions from Theorem
2.8.

Proof of Theorem 2.8. Let u be a variational solution to (2.1) under the assump-
tions (2.6), (2.8) and (2.9). Firstly, we observe that the assumptions of Theorem 2.6
are satisfied and, therefore, there exists a weak solution

aeL(0,T; Wg” (@, RM))NL]

loc

(0, T; WhI (@, RM))N €, (10, T L2(2, RY))

of the parabolic Cauchy-Dirichlet problem (2.1) satisfying (2.10). By the argument
from Section 4.4, we infer that i is also a variational solution to (2.1). Therefore, the
uniqueness result from Theorem 2.4 ensures that # = u, and hence the variational
solution u is indeed a weak solution satisfying the desired properties. O

Appendix A: A Compactness Result

For the sake of completeness we state and prove in Theorem A.2, below, a
probably not so well known compactness result from [17] which we used in the last
step of the proof of Theorem 2.3. The argument is based on the following result
from [34, Theorem 2.1].
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Theorem A.1. Any function u € L0, T;L*(€2,RN)) N C, ([0, T]; W2
(2, RM)), with £ € N, is weakly continuous as a mapping [0, T]1 3 t — u(-, t) €
L?(2, RN); this means that u € Cy ([0, T1; L*>(2, RN)). Moreover; there holds

luC, Ol 2@ = lull oo, r:0200)) foranyt €10, T].
The previous theorem can be used to establish the following compactness result.
Theorem A.2. Let £ € N. Suppose that
(ui)ien € L®(0, T; L2, RV)) n CO([0, T1; W—53(2, RY))

is a sequence of maps satisfying

() (u)ien is bounded in L>(0, T; L>($2, RN)), and moreover
(i)l (- 12) =i C, 1D 220y S @2 —n1]) foranyi € Nand 1, 12 € [0, T1 for
some non-decreasing modulus w: [0, T] — Ry withlimg o w(s) =0 = w(0).

Then, there exists afunctionu € Cy ([0, T1; L>(2, RN)) and a (non-relabelled)
subsequence (u;);ey such that ui (-, 1) — u(-, t) weakly in L*>($2, RN) in the limit
i —> ooforanyt €[0,T].

Proof. Due to hypotheses (i) and (ii) we can apply the compactness result [32,
Theorem 5] to the sequence (u;);eny With p = 0o, B = W62(Q, RV) and X =
L?(22, RN) to infer the existence of a function u € C°([0, T]; W—62(Q2, RV))
and a subsequence—still denoted by (u;);eny—such that u; — wu strongly in
Cco(o, T1; W=42(Q, RY)). Further, by (i) we are allowed to pass to another
subsequence—still denoted by u;—so that u; —* u weakly* in L>(0, T; L?
(2, ]RN)). Atthis stage we apply Theorem A.1 and conclude thatu, u; € Cy, ([0, T'];
LZ(Q, RN)) for any i € N. Moreover, for any ¢ € [0, T] we have

sup ”Lli(', t)”LZ(Q) g sup ”M; “LOC(O,T;Lz(SZ)) =M < 00 (Al)
ieN ieN
and
luC, D2 = lullpoo 120 = M, (A.2)

where we used the lower semicontinuity of || - || Loc 0.7 12(g)) With respect to weak™
convergence.

Next, we consider 7 € [0, T'], ¥ € L*(2, RV)and § > 0. Since W52(Q, RY)
is dense in L*(2, RY), there exists 5 € W52(Q, R") such that ||y — Y5l ;2(q) <
8. Using (A.1) and (A.2), we find that

‘/Q(u,-(~,t)—u(~,t))t/fdx

§‘/Q(ui(.,t)—u(-,t))(lﬁ—w(s)dx /Q(u,.(.,t)_u(.,,))%dx

S 8(lui Dl 2gg) + luC Dll2ee)) + lui (D =ul, ) llw-e2@) 1¥sllwe @
S 20M + lui Gy 1) — uC, Ollw-e2e) s llweaq)-

+
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In order to pass to the limiti — oo on the right-hand side we recall that #; converges
to u strongly inu € co([0, T1; w=42(Q2, RY)). This implies that the second term
on the right-hand side of the preceding inequality vanishes in the limiti — oo. But
this implies

lim sup
i—00

/(ui(~,t)—u(~,t))1ﬂdx < 25M.
Q

Since § > 0 was arbitrary, we can pass in this inequality to the limit § | 0, yielding
that

lim [ (i 0) —u(,0)pde =0

i—oo Jo

holds whenever ¥ € L?(2, RV), that is, u; (-, 1) — u(-, ) weakly in L2(2, RV).
Since t € [0, T] is arbitrary, we have proved the desired weak convergence for any
t € [0, T']. This finishes the proof of the theorem. O
Appendix B: Mollification in Time
Here, we will provide the basic properties of the mollification in time [ -], defined

in (5.1). The following lemma, which considers the mollification in a more general
setting, will be useful later.

Lemma B.1. Let X be a Banach space and assume that v, € X and, moreover,
v e L0, T; X) for some 1 < r < 0o. Then, the mollification in time defined by

t
[Wla(t) == e Fv, + ,‘7/ ¢ u(s) ds, (B.1)
0
forh € (0,T]andt € [0, T] belongs to L" (0, T; X) and
Ior 1
I0hller 0 < ol + [ 20— %) ooy ®2)

for any t, € (0, T). Moreover, we have 9;[v], € L"(0, T; X) and

vln = —7 (vl — v).

Proof. Fort € (0, T) we decompose

t
t s—t
Ivla@llx < e flvollx + %/O e lv@)llx ds =:IpC, 1) + (-, 1),

with the obvious meaning of I, and II,. For + € (0,T) and r > 1, Holder’s
inequality implies for the term IIj that there holds:
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t 1 1
1 SN (1 s=t\7r
o = [ (k%) (k7)o s
0
! s—t r ! s—t %
< (/ pen ds) (/ %eh||v(s)||§(ds)
0 0
1
AN Ty s r r
= (l—e h)" /0 7€ v’y ds
tl st r %
= se i lv)lxds) .
0

For the case r = 1 the last inequality trivially holds. We take this to the power r
and integrate over (0, #,), where 7, € (0, T']. By Fubini’s theorem we obtain

to to ot o
/ 1ML () dr < / / Le*T u(s) |y ds dr
0 0 0
lo lo s—t
=/ / zem dr ()l ds
0 K
Io s—T Io
=/ (1-¢7 )||v(s)||§(ds§/ lo(s)Ilx ds.
0 0

The first term is treated as follows:

1o to .
_tr h _lor
| monsdz < oty [T e ar = (1= Y jual.
0 0

Combining the previous estimates, we have shown

1
!
|

h _lor
bl 00 S 1] 1o ey + |20 =€ F) ] Tallx,

whenever t, € (0, T]. This proves [v], € L"(0,T; X) together with the L’-
estimate. In order to prove the assertion concerning the time derivative of [v], we
perform a direct computation of 9;[v],, which yields for almost every ¢t € (0, T')
that

d ot e_% ! s
or[vln(t) = al:e nv(0) + T/ env(s) dsi|
0
t
e n 0) e n t %v(s) i+ 1,)(;)
_Z -~ | e 1
PR A z

= — (vl (t) — v())

holds true. We note that for this computation it suffices to have v € L'(0,T; X)
and v(0) € X. Since we have already shown that the right-hand side belongs to
L"(0, T; X), we conclude that 9;[v], € L"(0, T; X). This finishes the proof of the
lemma. O

The following lemma provides the basic properties of the mollification [-]; in
Sobolev spaces.
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Lemma B.2. Suppose that v, € LY, RYY) and, moreover, v € LY(0, T; L}
(2, RMY) = LYQr, RN). Then, the mollification [v], defined in (5.1) admits
the following properties:

Q) Ifv e LP(Qr,RN) and v, € LP(Q,RN) with p 2> 1, then also [v], €
LP(Q7,RN), and the following quantitative estimate holds true:

1
Ivlnllzr@ry = vliLe@r) + A7 lvollLr@)-

Moreover, [v]y — vin LP(Q7,RY)ash | 0.

(i) If v € LP(0, T; W-P(Q,RY)) and v, € W'P(Q,RN) with p > 1, then
also [v]y, € LP(0, T; WP (2, RN)Y), and the following quantitative estimate
holds true:

1
”[U]h”LP(O,T;leP(Q)) = ||U||Lp(o,T;W1,p(Q)) +hr ||Uo||W1.p(gz)~

Moreover, [v]y, — vin LP(0, T; WP (2, RN)) as h J 0.

(iii) Ifv € L®°(0, T; L*(22, RV)) andv, € L*(2, RY), then[v]; € C°([0, T]; L?
(2, RM)) and [v]), — v in L>(Q7,RN) as h | 0; in particular, there holds
[vIn(; 0) = v,.

() If v € L®0,T; L*(Q,R)) and v, € L*(Q,RN), then also 9,[v], €
L2, T; L2, RN)). Moreover, we have

dvln = — 1 (wlh — v).

V) Ifv € LP(0, T; Wy (2, RV)) and v, € Wy'P(Q, RN), then [v]y € LP(0, T;
Wy P(Q, RV)).

Proof. We start with the proof of (i). The assertion [v];, € L?(Qr, RY) and the
L?-bound for [v], directly follow by an application of Lemma B.1 with the choice
r=pand X = LP(Q,RY).

It remains to establish [v], — v in L?(Q7,RY) as & | 0. For this we ap-
proximate v € L”(Q7,RY) by continuous functions © with compact support
spt? € Qr; more precisely, for given ¢ > 0 we find 7 € C%(Qr,R"Y) with
spt? € Qr and ||[v — DlLr(;) < e. We construct [0];, according to (5.1) with v
replaced by v and observe that the difference

1 ! s—t
[l — [51 = Z/ &7 (v, 5) — B 5)) ds
0

equals [v — v];, as defined in (B.1) with initial datum v, = 0. Therefore, using
estimate (B.2) from Lemma B.1 with v — ¥ instead of v, v, = 0, X = L? (2, RN)
andt, =T, we get

IVl — [OlkllLr @) S v —Vlizry) = &,
and therefore

b = vllri@r < Il = [Bhillr@y + 150 = Flir@n + 17 = vl
< 2e+ |01 — Vllzr(ey)-
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At this stage it remains to show that [v]; — v in LP(Q7, RNYas h | 0O for
VE CO(QT) with spt v € Qr; this can be inferred as follows: Taking into account

that
t
%/ c h dS _1
h(l—e h)

we first rewrite U(-, ) — [U]x (-, t) and obtain for ¢t € (0, T') that
t
[B1hCr 1) — D 1) = e i (v, — B, 1)) + %/ e (5(s) — 0(-, 1)) ds. (B.3)
0

Since spt v € Q7, we find0 < §, < T such that 7(-, £) = 0 whenever 0 < ¢t < §,.
We now estimate the L” (27)-norm of both terms appearing on the right-hand side
of the last identity separately. For the first one we observe that for 0 < ¢t < §, it

simplifies to e v,. This yields

T
/ / le™ 7 (vy — (-, 1))|” dx dt
0 Q
80 t T t
=/ /|e—zv0|l’dxdz+/ /|e—ﬂ(vo—ﬁ(-, )P dx dt
0 Q so JQ
Pdo T
§h/ |v0|pdx+efT/ / [vo — (-, 1)|P dx dt
Q s JQ

< P — ko = P
Shi| wolPdx+e™ 7 [Tlvolr + I10llr@n]”-
Q

Next, we observe that the second term on the right-hand side of (B.3) vanishes if
0 <t £ 8,. Moreover, since ¥ is uniformly continuous we know that for any & > 0
there exists §(¢) € (0, 8,] such that |9(x, t) — U(x, s)| < & whenever x €  and
|t —s| < 8. Using this in the estimate of the second term, we find

// / %v( s) — v(, t))s
Lk
Ay

+%/t_8 T (D, 1) — 0, ) ds

8.
< TIQI[2e 7|0l + €]

Combing the previous estimates, we infer that

T
/ /‘[ﬂh(x,t)—ﬁ(x,l)’pdxdt
0 Jo

_pdo .
< h””o”gp(g) +e 5 [TlvollLr + 19lLr@n]”

p
dx dr

P
dx dr

/ T v( s) — (-, t)) s

==

e v(~, t) — v(-, s)) ds

==

P
dx dt

_d .
+T1Q[2e7 7[5l L) + €]
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Here, we firstlete | 0 (whichis possible, since ¢ > 0 was arbitrary) and thenZ | 0.
The right-hand side then converges to 0, proving that [v], — v in L?(Q27, RYY as
h | 0. Altogether, we have shown the desired L”-convergence and this finishes the
proof of (i).

The proof of (ii) is an easy consequence of (i), since

L
DIl 1) =e—wvo<~>+%/ &7 Du(-, 5) ds.
0

Now, by (i), the assumptions Dv € L?P(Q2r) and Dv, € LP(2) guarantee that
[Dv]y, € LP(Q27) and [Dv], — Dv in L?(Q7). Therefore, we have [v], €
LP0,T; WHP(Q)) and [v], — v in LP(0,T; WHP()). The bound for the
LP—W'P norm of [v]), follows immediately from the estimate in (i) applied to
Dv.

Now we come to the proof of (iii). The assertion that [v], — v in LZ(QT) is
a consequence of (i), since L*°(0, T'; Lz(Q)) C L%(Qr). Therefore, we only have
to establish the continuity of [v], with respect to time. For 0 < ¢; < 1, < T we
rewrite the difference of [v]; (-, ) att = 1, and t = ¢1 as follows:

[]n(, 22) = [v]n( 1)

r r n s ) s
= (e_% — e_ff)|:vo + %/ erv(-,s) dsj| +e” /%—/ erv(-,s)ds.
0 151

For the estimate of the right-hand side terms we use the following elementary in-
equality with suitable choices of 71 and 1. This inequality follows by an application
of the Cauchy—Schwarz inequality:

‘/ e, s)ds /Tzeh ds/fzv( s)2ds =12 (6222 —eh )/T2 2(., s)ds.

We apply the preceding inequality with the choices (71, 72) = (0, #1) (respectively
(11, 1p)) and obtain

[WInC. ) = Wl ) |20,

_ 2(t1 tz)
3(eF e ) 12l 0 + 5 (1 / /v (x, 1) dx ds

21 2(t1 —1r)
—}—%(l—e h) —e12 //2(x t)dx ds

_nh (1 —b)
<3(eF — ) Mol + 35 (1 - 7 ol

Therefore, the right-hand side converges to O whenever t, — t; — 0 and this yields
the first assertion in (iii). By the same reasoning we infer that

t
/|[v]h(x,t)—v0|2dx §2(1—e*n)2/ |v0|2dx+2// [v(x, s)]? ds dx,
Q Q QJO

and, as this implies, that [v], (-, ) — v, ast | 0.

[IA
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Proof of (iv): Claim (iv) directly follows from Lemma B.1 applied with r = 2
and X = L2(Q, RV).

Finally, the proof of proof of (v) is standard (compare the analogous result for
Steklov-averages). O

To treat terms involving the time derivative of v or [v];, we need to define what
is meant by d;,v € L”/(O, T; W_l’pl(Q)) for a function v € LP(0, T; WP (Q))
with p > ’12% The reason we restrict our consideration to this values of p comes
from the fact that we have the following inclusions

WhP(Q) — L3(Q) = (LX(Q) — W 17(Q),

with continuous injections. This allows us to interpret the mapping ¢ — v(:, t) €
WP () as map from (0, T) into W17 (Q), that is, a curve in wW-Lr(Q). If we
denote the embedding from W7 to W~1-7" by J, we easily see that

T T
A|wwmmH¢m§cL|mmmmm=cwwmﬂwww.

In particular v € L1(0, T; W_l"’/(Q)), more precisely, the map ¢ — J(v(-, t)) is
in this space. In the following, we use the shorthand notion v(#) instead of J(v(z)).
Now, we let X be a Banach space with norm || - || x.
In the space LY, T; X)itis possible to define the weak time derivative d;v(¢)
of v(¢) as follows: w € L1(0, T; X) is called a weak time derivative if there holds:

T T
/ wt) Y () dt = —/ v(OY' (1) dt Ve CP0,T).
0 0

In case such a w exists, we write d;v = w. Finally, we say that v(z) € L" (0, T; X)
has a weak time derivative d,v € L" (0, T'; X) if the preceding identity holds and,
MOreover,

T
/ummmm<m
0

thatis, 9,v € L" (0, T; X).

We apply this with X = w=Lr(Q) and r = p’. This makes it clear what is
meant when we say v € LP(0, T; WP (Q)) admits a distributional time derivative
dve LV, T; W=7 (Q)).

The next Lemma is concerned with the time derivative of the mollification [v].

Lemma B.3. Let X be a Banach space. Assume that v € L" (0, T; X) with 0;v €
L" (0, T; X) (note that this implies v € CO”/([O, T1; X) where r' = rrTl when
r>landv e C°0,T]; X) whenr = 1; in particular, v(0) € X). Then, for the
mollification in time defined by

T
[Wn () := e T v(0) + %/ e T u(s)ds,
0
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the time derivative 9;[v];, can be computed by

o,
@MMU)=%A;5T&M®ds

and, moreover, its L (0, T; X)-norm is bounded independently of h by the L"
(0, T; X)-norm of d;v, that is, we have

19 [v1nllro.1:x) = 18 vllLr0,7:%)-

Proof. From Lemma B.1 we know that d;[v], € L" (0, T'; X) and for almost every
t € (0, T) we have that

1 | —4 i [T s
o) = =) = 00) = 4 (00 = Fo0) = = [ ebusac).

Now, using the assumption d;,v € L"(0, T; X)—which in particular implies v €
%7 ([0, T]; X)—we may continue the preceding computation as follows:

t
i (U(’) —eThu(0) —eh /o j—se% v(s)ds)
t
= % (v(t) - e_%v(O) —v(t) +e—%v(0) +e—%/ eiasv(s) ds)

0
! —t
=%/eT&mmm.
0

This proves the first assertion of the lemma. Applying Lemma B.1 with (v,, v)
replaced by (0, d;v) in the right-hand side we conclude that

9 [v]n(2)

< 1 vllzr0,7: x)-
L7(0,T:X)

0: [v1nllLro,1:x) =

t ¢ —,
}l/ eTtasv(s) ds
0

This proves the asserted L" (0, T'; X)-estimate for the time derivative and finishes
the proof of the Lemma. O
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